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Summary

Chapter 1. describes the base theoretical concepts that constitute the foundation of the
quantum computing paradigm, including the main assumptions that guide the developments
in this field of research. This chapter also presents the Church-Turing conjectures that have
been driving the algorithm theory from its conception, the how they are now disputed under
the new quantum computing paradigm.

Chapter 2. presents in extended detail the main problem addressed in quantum information
processing and the very reason this approach took off: maximizing the efficiency of
computing processes. The author conceived a few demonstrations for some known examples
that prove the power of quantum computing and quantum information processing, explaining
how they are deeply linked to physical processes. The author analyzed Deutsch-Jozsa
problem and its generalization to Boolean functions extended to n — dimensional finite
spaces, and conceived a classical probabilistic algorithm for solving this problem. The
performances of quantum algorithm and the classical probabilistic ones were analyzed and
compared, proving the increased time efficiency of the quantum algorithm.

In chapter 3. a set of theorems together with their formal demonstrations, designed by the
author, were presented in order to justify the graphical representations of qubits using three
dimensional unit spheres and to provide for the quantum operations modeling through three
dimensional rotations, only around the coordinate axes. Therefore it was proved there is an
interesting conceptual relationship between the spherical rotations on one hand, and the one
qubit unitary operations on the other.

Chapters 4. and 5. present in detail the theory of quantum circuits together with a few
quantum circuits designed by the author:

- acircuit that offers a minimal implementation of the generic controlled operator on two

qubits, this implementation using only one qubit gates and CNOT gates

- acircuit that implements the Fredkin gate using only one Toffoli gate and two CNOT
gates

- acircuit that implements the Fredkin gate using only six gates, each on two qubits

- acircuit that implements the generalized Toffoli gate, without using working qubits. This
circuit has a polynomial complexity of the second grade

- acircuit that implements a generic controlled operator on an arbitrary number of qubits,
without using working qubits. This circuit too has a polynomial complexity of the
second grade

Chapter 6. presents a rigorous analysis on the universality of quantum gates. The author
analyzes the exact universality of infinite sets of gates on one qubit, and how complicated
circuits can be decomposed into simpler ones. This chapter also includes the complexity
evaluations, as conceived by the author. Then, the author provides a proof based on
construction for an approximate universality, with arbitrary small error, using a discrete set of
guantum gates: Hadamard, phase, CNOT and Toffoli.

In the last three chapters, a few known algorithms are analyzed, under some new light; these
algorithms are a proof for the increased efficiency of the quantum computers, with respect to
the temporal complexity, as compared to the corresponding known algorithms from classical
computing.

Quantum Fourier Transformation: considering a natural number N = 2™, the quantum
Fourier transformation is defined as:
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As demonstrated in Chapter 7. it is possible to implement this transform with a quantum
circuit containing ©(n?) gates.

Phase estimation: consider the unitary operator U and one of its singular states |u) with the
corresponding singular value e?™%. As it is described in Chapter 8., it is possible to design an
algorithm that efficiently computes the |@)|u) state, where @ is an approximation of ¢ on
t— [log2(2 + 21—6)] bits. The algorithm returns the correct result with a probability of at least
1—e

Order determination: The order of an integer number x modulo N is the smallest positive
integer r such that x” mod N = 1. Chapter 9. shows how this number can be computed on a
quantum computer using O (L3?) operations by using the quantum phase estimation algorithm
applied to the integer numbers on L bits: x and N.

Factorization: The prime factors of a positive integer on L bits, N, can be determined using
0(L?) operations by reducing this problem to the previous one: computing the order of a
purely random number x, co-prime with N.

In the last chapter, the author provides an analysis of the current languages for quantum
computing, both at low and high level. The author also proposes a new language, built around
.Net framework architecture, which extends from the C# language and uses both imperative
and functional programming paradigms. The architecture for the compiler of this new
language is described in both local environments and on an architecture based on cloud
computing.




1. Basic concepts

Quantum computing represents the study of the information processing tasks that can be
realized using systems behaving according to the quantum mechanics laws, as they are
currently formulated in the mainstream science. The unit of quantum information is called
quantum bit, or shortly, qubit [37].

As the standard, classical (as opposed to quantum) hardware components become smaller and
smaller, at a fast pace, according to the Moore’s law, which is more or less surprisingly still
relevant, it is envisaged that not very far away in the future the quantum dimensions [11] will
come into play. And when that happens, the classical methods of implementing computing
systems will hit a barrier which will slow down their development, as the electronic
components will start suffering from quantum interferences, and their design and physical
implementation will become increasingly difficult.

One of the proposed solutions to overcome these problems is to try and change the computing
paradigm, and switch to one based on quantum information processing technologies that are
based on the somehow strange laws of quantum mechanics [4][20]. It has been proven that
although any classical computer can in theory be used for simulating a quantum computer,
this simulation cannot be performed efficiently, i.e. the increase in processing time depends at
most polynomial on the input size. Therefore, the quantum computers may provide a
significant advantage in the processing speed [8]. This advantage is so great that, according to
some scientists, the classical computers will never be able reach the same level of
performance as the quantum computers. But, such powerful quantum computers are still a
distant way from being physically ready for processing significant problems, with relevant
input sizes. For now, all that is available are just promising prototypes.

1.1. Church — Turing postulate

The theoretical basis for classical computer science were developed by Alan Turing in 1936,
who introduced a model of information processing machine, now widely known under the
name of Turing Machine. He also proved the existence of a Universal Turing Machine, which
is capable of simulating any other Turing Machine [52]. Furthermore, he postulated that this
Universal Turing Machine can implement any process defined in an algorithmic manner.
That is, if a problem has an algorithm that can be implemented by a physical system (such us
a modern computer for example), then there is an equivalent algorithm for a Universal Turing
Machine that can resolve exactly the same problem [73]. This is known as the Church-Turing
postulate:

Any algorithmic process can be simulated using a Turing Machine.
Starting from the idea that, not only a Turing Machine can simulate any algorithmic process,
but in addition, it can do this in an efficient way, a stronger version of this postulate has been
formulated:
Any algorithmic process can be efficiently simulated using a Turing Machine.
So, any problem that can be resolved efficiently in any arbitrarily chosen computing model
can also be efficiently implemented on a Turing Machine. If this assumption (postulate) is

correct, it follows that regardless of the machine used to run an algorithm, that machine can
be efficiently simulated by a Turing Machine. This implies that for analyzing if a
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computational process can be efficiently implemented, it is sufficient to analyze that problem
using the model based on Turing Machines.

A first possible provocation to the strong postulate above was raised from an analogic
computing perspective. It was noted that some types of analogical computers can resolve
efficiently some problems that are believed to have no efficient solution on Turing Machines.
At a first glance these analogical computers seem to violate the strong postulate, but in the
end it was proven that their efficiency fades away if one takes into account a real working
environment, that includes noise.

This lesson — that the noise effects within realistically limits must be taken into account when
evaluating the efficiency of a computing model — is one of the biggest provocations that the
quantum computing paradigm must face. For dealing with the noise problems, there are two
directions of research: quantum errors correction and robust quantum computing. So, unlike
the analogic computing, the quantum computing paradigm can, at least in theory, tolerate
finite noise levels, without losing its advantage in computational efficiency.

The first major provocation to the strong Church — Turing postulate came in the 70s, when
Robert Solovay and Volker Strassen showed that it is possible to verify that a number is
prime or not, by using a probabilistic algorithm that manipulated purely random numbers; the
solution was of course obtained only with finite probability. Therefore, this implies that if a
computer has access to a real (as opposed to pseudo) random number generator, it can
perform computations with efficiency greater than the one known for a classical,
deterministic, Turing Machine.

Yet, this type of provocation can be easily resolved by integrating the probabilistic concepts
into the postulate:

Any algorithmic process can be efficiently simulated using a probabilistic Turing Machine.
Or, to use the formulation from the complexity theory:

Any computing model can be simulated using a probabilistic Turing Machine by adding at
most a polynomial number of operations.

The question that was then raised was: isn’t possible in the future another computing model
who could resolve problems even more efficiently than a probabilistic Turing Machine? Isn’t
possible to come up with a single, generic model that can be rigorously proved to efficiently
simulate any other computing model?

1.2. Church — Turing — Deutsch postulate

Starting from these questions, in 1985 David Deutsch tried to find a method to deduct an
even stronger version of the Church — Turing postulate, starting from the physical laws [19].
So, as long as the respective physical laws are considered valid, this new version of the
postulate would be also valid. More precisely, Deutsch tried to find a computational model
that is capable of emulating any physical process; hence, any computing machine which is
built using these physical processes can be emulated by that model. The physical laws chosen
by Deutsch were the quantum mechanics laws, which is debatable if they really are the
ultimate laws of physics. And the computing machine that would be built according to these
quantum laws is now obviously called quantum computer.

It is not clear yet though if Deutsch’s notion on universal quantum computer is enough to
emulate any arbitrarily chosen physical system. Confirming or infirming this hypothesis is
one of the great challenges confronting the scientific community working in this area. It
could be possible, for example, that some computing process defined based on quantum
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fields theory, or relativity theory, or string theory, or some other physical theory, to overcome
the capabilities of the universal quantum machine, providing then an even more powerful
computing model.

The quantum computing model proved to be a provocation for the strong Church-Turing
postulate, because Deutsch proved that it is possible for a quantum computer to resolve
efficiently computing problems that have no known efficient solution on a classical
computer, simulated by a probabilistic Turing Machine. Therefore, following these results,
the new Church — Turing — Deutsch postulate can be formulated as [20]:

Any physical algorithmic process can be simulated efficiently using a Quantum Machine.

These Deutsch’s first results were improved with more examples in the next decades. From
these, the most important are Peter Shor’s results on factoring numbers and the discrete
logarithm problem. Both problems have no efficient solution on classical probabilistic
computers, but have probabilistic efficient solutions in the quantum computing model [44].
Another result that demonstrates the power of quantum computers was proved by Lov Grover
[36], which tackled a very important problem: searching in an unstructured space. This
problem too can be solved more efficiently on a quantum computer than on a classical one (as
far as the known classical algorithms go), but the obtained speed up it is not as dramatic as in
the case of factoring numbers.

During the same time, other researchers proved an idea introduced by Richard Feynman back
in 1982: the simulation of quantum mechanical systems on classical computers suffers from
fundamental performance issues. Yet these can be eliminated by moving the respective
simulations on quantum computers.

If there still are other types of problems that could be resolved more efficiently by algorithms
for quantum computers is still a big open question. Discovering new such algorithms is
difficult firstly because they require a special kind of thinking, oriented towards quantum
mechanics principles, and secondly because they have to outperform all known algorithms
from the classical, including probabilistic, computing [21].

1.3. Quantum information theory

The information communication theory, as developed by Claude Shannon in 1948 is another
aspect that would require some modifications when switching to the quantum models of
computation [43]. There are two main problems addressed by Shannon’s theory:

- the resources required for transmitting of information across a communication
channel,

- the ways to protect the sent information against corruption from the noise, which
inevitably existent across the channel.

For resolving these two problems, Shannon proposed and proved two fundamental theorems:

- the theorem for information transmission across an ideal (i.e. noiseless) channel: this
quantifies the resources that are required to store the received information.

- the theorem for information transmission across a real (i.e. noisy) channel: this
guantifies the information that can be sent across a noisy communication channel and
provides error correction codes for protecting this information against the noise.

The quantum theory of information was developed in a similar way [6]. In 1995, Ben
Schumacher presented the quantum analogue for the first Shannon theorem: information
transmission across a noiseless quantum channel, by defining the notion of quantum bit as a
physical resource. But, an equivalent for the second theorem, transmission across a noisy
channel, is yet to be discovered. Yet, there already is a quantum computing theory for errors
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correction that was used for developing prototypes of quantum computers that operate in the
presence of noise.

In 1992, Charles Bennett and Stephen Wiesner presented another application of the quantum
information concepts: transmission of classical information (i.e. bits) through a quantum
communications channel [7]. They proved the concept of supra-dense codification: how one
can transmit two bits of classical information by sending just one qubit form the source to the
destination.

Another open issue is the theory of interconnecting several quantum communication
channels, and the development of quantum communication networks, that should contain
guantum repeaters, switches, etc.

1.4. Quantum cryptography

Currently, the widest available cryptographic systems are based on public key cryptography,
which are based on the hardly reversible mathematical functions. This kind of systems
doesn’t have to deal with the keys distribution problem. But many of them are based on the
assumption that factorization is a computable-hard problem, which is not the case anymore as
soon as one changes the paradigm and switches to quantum computers.

Another kind of cryptographic systems use secret keys, but they have to address the problem
of distributing these keys across unsecured channels. And one way to address this is to use
quantum communication channels.

The idea is based on the principle of measuring in quantum mechanics: observing a quantum
system leads to inevitably and irreversible disturbing it [46]. This principle guarantees that if
a key is compromised, the interested parties know about it. But this principle solves a
problem and raises another: it is very difficult, if at all possible, to introduce a repeater in
such a quantum communication channel; which means the channel has a quite limited length.
Yet, some quantum cryptographic systems are already making their ways into the commercial
applications.

1.5. Quantum information representation

The bit is the fundamental concept in the classical information and computing theory.
Quantum computing and quantum information processing uses a similar fundamental
concept: the quantum bit, or qubit [22].

Abstracting away the physical implementation of qubits, they are defined as mathematical
entities. Using the Dirac notation, two possible states of a qubit, correspondents of the
classical bit states 0 and 1, are denoted as |0) and |1) — which are named as computational
basis states. Unlike a classical bit though, a qubit can be in infinity of other states. More
precisely, it can be in any normal state, defined as a complex linear combination of the
computational basis states. This state, noted with |y/) is called superposition:

) = al0)+ A1),
where o and S are complex numbers, satisfying the normality relation: |0:|2 +|/3|2 =1

Therefore, the qubit state is represented by a normed vector in a bi-dimensional complex
vector space, where the two computational basis states form an orthonormal basis.

By measuring this qubit one can obtain the result O with probablllty|a| , or the result 1,

with probability |4]°.



A conceptual example of a qubit is represented by an electron that orbits a nucleus, according
to the Hydrogen atom model, with the two computational basis states being represented by
the basis and the excited states:

10)

Figure 1. The Hydrogen atom model

Because o and g can have an infinity of values, it may look like a qubit can represent an
infinite quantity of information. But this is not true, because what matters are the values that
can be observed, and these are just two of them. Furthermore, after measuring the qubit its
state will collapse into |0) or |1). The only way to measure  and £ with infinite precision is

to make an infinity of measurements on a an infinity of identically prepared qubits, which is
not possible.

For representing systems of more than one qubits, the tensor products are used. So, the state
of a system on n qubits, any qubit being in the state |y ), is represented by the normed

vector:

1.6. Practical implementations of quantum computing systems

There are two main issues that have to be considered when talking about practical
implementations of such systems:

- the real environments contain noise and this may affect the computing system

- guantum mechanics may not be the theory that correctly and completely describes the

physical reality

Regarding the first issue, it has been proved that noise doesn’t represent problem of principle
in physical implementation of quantum computers (like it did for analog computers). That is,
if the noise can be kept under a fixed value, the quantum correction codes can be used to
decrease the noise even further; and this correction process can be repeated indefinitely
without fundamentally affecting the efficiency.
Yet, until now, quantum computers were only implemented on small scales, of just a few
qubits.

1.7. Quantum computing — quantum gates

The quantum computing studies the transformations performed on qubits’ quantum states. In
the same way as a classical computer is built from electronic circuits containing
interconnected logical gates, a quantum computer is built from quantum circuits containing
interconnected quantum gates. The mathematical formalism used for describing the
transformations applied by the quantum circuits on the qubits is the theory of linear operators.
Since the state of a qubit is a normed vector in a bi-dimensional complex space, a quantum
circuit processing that qubit is a unitary linear operator on that same vector space. This
definition is extended to circuits processing more than one qubits. The operator describing a
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circuit has to be unitary so that at the circuit exit we find a transformed qubit, but still a qubit.
That means that after applying the operator, the state vector is still normed.

Because any unitary operator is bijective and reversible (its inverse operator being its
adjoint), it follows that all circuits are reversible: knowing the states of the qubits at the
circuit’s exit, one can calculate the states of the qubits at the entrance in the circuit.

This property doesn’t hold for all classical circuits. Consider for example the NAND gate.
And yet this doesn’t confer to the classical circuits any computing advantage. This is because
there is a reversible gate on three bits (the universal Toffoli gate) which can implement any
classical circuit.

& by o) o)
b, T b, c2) Ic,)
bs b; ®b;b, |t) & [t®cyc,)

Figure 2. The classical Toffoli gate and its quantum correspondent

The Toffoli gate flips the third bit if and only if the first two bits are set.
Another very important gate in quantum computing is the two qubit variant of the Toffoli
gate, named CNOT (conditional NOT) gate:

c

c c) c)
CNOT .
t . tec t) t&c)

Figure 3. CNOT classical gate and its quantum correspondent

Hence the CNOT gate is said to implement addition modulo 2 on two bits. Here is a circuit
that implements the addition modulo 4 on 2 bits: | x;xoy1 Yo ) — | X1 X0 )| (X1 X0 + V1Yo )mod 4),

where X;,Xg, Y1, Yo € {01}

%) ~— %)
T

| X1) . | %)
|YO> & |XO@YO>
| 1) N | X @Yy ®XyYo)

| y1© X0Yo)

Figure 4. The quantum circuit for implementing addition modulo 4

It is very important to mention that measuring one or more qubits is not a unitary operation.
Therefore a physical device performing the measurement cannot be represented by a quantum
circuit. After performing the measurement, the state of the respective qubits is not relevant
any more, what is relevant is the information obtained from the measurements — this
information being represented by classical probabilistic bits.

w) ﬁ%=. b

Figure 5. The representation of a measurement on a qubit

Here are a few examples of quantum gates on one qubit:
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2|0)+ A1) X 1)+ p0)
Figure 6. NOT gate
0)+1), [0)-1D
0 1
a|0) + A1) H P

Figure 7. Hadamard gate

It is worth noting that the lines in quantum circuits don’t represent physical lines in a
quantum computer (like electrical wires or anything similar). They represent the life of a
qubit during time. This is why it is not accepted for the quantum circuits to have loops. They
are always direct acyclic graphs.

1.8. The impossibility of copying a qubit
In classical computing paradigm, there is a very simple circuit for copying an arbitrary bit.
b b

CNOT
00— | 0®b=b

Figure 8. Classical circuit for copying a bit

One of the most striking differences between the classical circuits and the quantum ones is
the fact that it is impossible to build a quantum circuit for copying exactly a qubit in an
arbitrary state [59]. This is known as the non-cloning theorem for qubits.

The only quantum circuits that can be built for exactly copying qubits, are just the ones for
duplicating two orthonormal states of a qubit.

Indeed, if one supposes there is such a quantum circuit on two qubits, this would lead to
contradictions with some fundamental physical principles: the possibility of distinguishing
through measurement of the un-orthogonal states, or even the possibility of transferring
information with the speeds greater than the speed of light.

Such a quantum circuit would need to transform the initial state |y/)|y ) in the state |y )|y/),

for any state |y/), using only unitary transformations. So, there would exist the unitary
transformationU , such that U |y )|y ) =|w)|w), for any |y). Suppose the circuit would copy
states |y ) and |y, ):

Ulwo)|wt) =|w2)lw2)
Calculating the scalar product of the above relations it results:
Ulwalw) Vlwa)lw)=(walva)lva)lva))= (willws 0 Ulwe)lwe) = (walwe)walve)
Considering U is a unitary operator, and |y ) is a normed state, it follows:

{U|‘//l>|l//t>=|W1>|‘//l>

(alwa)” =(wilwa) < (valw2)(yalw2)-1)=0
Which means this is one of the following two cases:
o (y1|w,)=1, thatis the states to be copied are identical: |y ) =|y5)

or
e (y1|w,) =0, that is the states to be copied are orthonormal: |y;) L |y, )
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Yet, the CNOT quantum circuit can be used to copy a qubit whose state is |c), where

ce{0l}.
©) c)
|0) i l0@c) =|c)

Figure 9. Quantum circuit for copying orthonormal states |0) or |1)

Even if unitary transformations are accepted, it still remains valid that only orthogonal states
can be copied. It has been proved that a quantum circuit for copying un-orthogonal states can
be developed only if one accepts approximate copies.
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2. Quantum computing efficiency

2.1. Quantum parallelism

Quantum parallelism is a fundamental characteristic of most of the quantum computing
algorithms.
For example, considering a function f : {0,1}{0,1} that takes a bit into another bit. The

purpose is to find a way to compute the two values this function takes, by using a quantum
circuit on two qubits, a data qubit and a destination qubit. Such a circuit would perform the
transformation U ; described by|x,y) —|x,y ® f(x)> , where |x, y) is a computational basis

state:
00) >0, (0)
02) > |0, (0))
[20) 2. (1)
11) > ()
Because f :{0,1}+{0,1} there are four possible such functions|{0,1}|x|{0,1] = 2x 2 = 4:

fOO (X) fOl(X) flO (X) fll(x)

x=0 0 0 1 1
x=1 0 1 0 1
For each such function, its transformation matrix is:
1000 1 000 0100 0100
010 0] 010 0] 100 0f 1000
U foo — U for = U flo = U fig ~
0010 0 001 0 010 0 001
0 001 0 010 0 001 0010
These can be put in a single, parameterized matrix definition:
- i 0 0
i =i 0 O
Uf., = . .
' 0 0 — ]
0O 0 j —j
which is a unitary matrix:UIﬂ xU 6= I, and therefore it can be implemented by a quantum
ij !
circuit:
0) H X X
Y v)
0) y  yof(x)

Figure 10. Quantum circuit for evaluating f

The circuit provides the following succession of states:
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|00> H | |O>+|1> |O> U |0,f(0)>+|1,f(1)>=|w>
J2 V2

The two terms in the final state contain information about both values the function can take,
f(0) and f (1), and yet the function f was applied only once. So, this looks as if f has been
evaluated simultaneously for both input values. This characteristic is known as quantum
parallelism, and is different from the parallelism in the classical computing paradigm. This
new kind of parallelism makes use of the quantum computers capability of being in a
superposition of states.

This procedure can be easily generalized to functions on any number of bits, using a general
Walsh-Hadamard transformation, implemented with n Hadamard gates, performing in

parallel on n qubits. This transformation is noted as H ®".

o) -
) H 1
2/%)
| \/2—” xe{0 1"
: n gates
I
) -

Figure 11. Walsh-Hadamard transformation on n qubits

Applying this transformation on a set of n qubits, each in state|0), the final state is:

®n
0" —H r > /%)
2" xeloa)
Therefore, the Walsh-Hadamard transformation produces a balanced superposition of all the
computational basis states. Furthermore, this is done in a very efficient way, by producing a
superposition of 2" states and using only n gates.
Quantum parallel evaluation of a function f :{0,1]" ~ {0,1} can be then done as following.

One prepares a state on n+1 qubits:|0>®n|0> then the Walsh-Hadamard transformation is
applied on the first n qubits followed by the quantum circuit implementingU ; . The sequence
of states is:

®n H®n
10)7/0) [ \/—XG{%J >}|O> \/Z—XE%J )| £ (x)

Although it looks like the quantum parallelism allows for evaluating all the possible values of
a binary function f , by applying the function only once, this is not necessarily useful solely
by itself. This is because to find these values, measurements need to be made, and each
measurement can reveal only one value. For example, for the two bit case measuring the final
state will return a final state that is |0, f(0)) or|1, f(1))! Similarly, in the generic case,

measuring state Y | X)| f(x)) returns only f(x) for a single x value. This is not very
x{0,1}"
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different for what a classical computer could do. So, something more than the mere quantum
parallelism is required in order to make the quantum computing more efficient that the
classical correspondent. It is necessary to find a way to extract the desired information in an
efficient way. One example for achieving this is Deutsch’s algorithm.

2.2. Deutsch’s algorithm

A simplified version of this algorithm can be used to demonstrate the way quantum
computers can outperform the classical counterparts. The algorithm, implemented by the
quantum circuit below, uses quantum parallelism combined with quantum interference.

|0> H X X H

1) ” y y® f(x)

f f f f

|l//0> |l//1> |W2> |l//3>

Figure 12. Quantum circuit implementing Deutsch algorithm
The two qubits in the circuit start in the computational basis state:
[wo)=[0)1)
After applying the Hadamard gate, the state becomes:

e

By defining the transformation |x, y>L>| x,y ® f(x)) the following equation follows:

0-10] o, (. [l0@f(x)-[1@f(x)]_
o LR ey @ T O T
19-.
| x)| =L |if f(x)=0
: ofl - 2
|x>_—T} if f(x)=1

Applying this transformation to the state |y, ) the new state becomes:
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2 v2 . .
|o>+|1>"|0>—|1>} it £(0)=1(1)

|W2>:{(—1)f(0)|0> (—1)f(l)ll>}[|0>—|1>}:(_1)f(0){|0>+(_1)f<o>@f(1)|1>}[|0>_|l>}

I+

V2 | 2
+ |O>\/__2|1>“|0>\/__2|1>}if f(0)= f(1)

The final Hadamard gates take the qubits in the state:

>:{i|0>|1>,dacé f(0)= (1)

|v2) =

+|1)|1), daca f(0)= f(1)
And by using the summation modulo 2, this final state can be written as:
lvs) =4 1(0)® f@)1)

So, by measuring the first qubit, one can evaluate directly the sum modulo 2: f (0)@® f ().
This means the quantum circuit above computes a global propriety of the input function

f(x), f :{0,1}+>{0,1}, namely f(0)@® f (1), by performing just one evaluation of the function

f(x). This is twice as fast as it is possible with a classical computing machine, as this would
need at least two evaluations: f(0) and f (1).

One can also deduce an important difference between the quantum parallelism and the
classical probabilistic algorithms. At a first glance, one could assume the quantum state

[0) f(0)+ 1) £ @)
J2

f(0) with probability% ,or f (1) with probability%. But the fundamental difference is that in

corresponds closely to a classical probabilistic computer that evaluates

the classical case, the two cases are mutually exclusive, while in the quantum computer the
two cases are interfering with each other to produce the global propriety. The essence of
many quantum algorithms consists in the proper choosing of the desired function and of the
final transformations.

2.3. Deutsch-Jozsa algorithm
This is the generalized version of the previous algorithm, tackling the following problem.

2.3.1. Deutsch-Jozsa problem

Consider a function f : {0,1}" - {0,1} which is either constant or balanced [29]. Find an
efficient deterministic algorithm that decides the type of the function.
f is constant iff it satisfies one of the two conditions:
(V)xe{ol}" = f(x)=0
(V)x e 04" = f(x)=1
f is balanced iff there exist sets A — {0,1}" and B — {0,1}" that simultaneously satisfy the
following properties:
AUB={01}"
(V)xe A= f(x)=0
(V)xeB= f(x)=1
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A =[B=2""
Using a classical algorithm, this problem can be solved like this: generate sequentially the
elements x e {0,1}" and for each of them compute f (x). If at the current step the value
obtained is different from the previous one, the function is balanced. If after 2" +1 were
computed, the same value was obtained, the function is constant. The classical algorithm is:
choose x e {0,1}"
initialize A={01}" —{x}
initialize B = {x}
initialize y, = f(x)
if [B| > 2" then return ,, f constant”
choose x e A
compute y = f(x)
if y =y, thenreturn,, f balanced”
Yo <Y
10. A A—{x}
11. B« Bu{x}

12. go to step 5.
So, in the worst case, when f is constant, this algorithm has exponential complexity

© o N g A~ wh e

O(2" +1). The problem can be formulated in probabilistic terms, in which case it has a
more efficient solution.

2.3.2. Probabilistic Deutsch-Jozsa problem

Consider a function f : {0,1}" > {0,1} which is known to be either constant or balanced.

Ve >0, error probability, find an efficient probabilistic algorithm that decides the type of the
function with probability at leastl—¢ .
The classical probabilistic algorithm is similar with the deterministic one presented above.
The main difference is the way of choosing x € A:

- in the deterministic case, the elements are chosen sequentially (note A is an ordered
set:(V)x,ye A= x<yory<x)

- in the probabilistic case, the elements are chosen purely at random
Also, in the probabilistic case, because an exact output answer is not required, it is not

necessary to compute all the 2" +1 values for f , but instead, a smaller number, dependent

ong:M, < 2" +1. Therefore, step 5. from the deterministic classical algorithm above is
replaced in the probabilistic case by:

Note this probabilistic algorithm never returns the wrong answer if the function is constant.
But if the function is balanced, there is a non-zero probability that this algorithm will return
the wrong answer. This can happen when at all the M, steps, the same value for f was

computed.
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When f is balanced, at the first pass through step 7. in the algorithm, the probability of
n-1

obtaining the value y, e {0,1} when evaluating y, = f(x) where x € {0,1}" is py = 22n .
At the second pass, the probability to obtain again y; =y, € {0,1} when evaluating
n-1

L After M, passes, the error

probability is therefore:
P L | 2" _M,+1 1 1 1
E=P = x x..x—g—x—x...zz

ML on on_q O"_M.+1 2 2
And this means that:

2n

log, e <-M,

'\/lgglogz1
&

: . 1 : : :
So, by running the algorithm forlog, — evaluations of the input function, the correct answer
&
is obtained with the chosen error probability. Hence the complexity of the classical
probabilistic algorithm is O(log 5 —j —which doesn’t depend on the size of the input, only on
£

the chosen error probability.

2.3.3. Deutsch-Jozsa quantum circuit

The generic deterministic Deutsch-Jozsa problem can be solved by the quantum circuit
below.

|o>®”—

1) y y® f(x)

f f f f

o) 1) w2) w3)

Figure 13. Quantum circuit that implements the generic Deutsch-Jozsa algorithm

The data register is onn qubits, because f : {0,1}" > {0,1}. The initial state is:

wo)=[0)""|1)
Then, by applying the Hadamard gates, the new state is:

_10y®"|gy __H®H |2 019
o) =[9) |1>—>|m>{ﬁ zm}{ 8
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So, the data register is in a balanced superposition of the computational basis states and the
target register is in another type of balanced superposition of |0) and|1).

And because,
f ] v oy 21

After passing the linear quantum circuitU ¢ , the state becomes:

1> U _ L g f(x)X |O> |1>
)= {EXEJ { 7 v [5{25 Y '{ 2
> (177) S (177)2)

2<{01) it implies H®"|x) = 201

72 g

Using these formulas, the new state can be computed as:

vl {% Z(nl)f(X)IX>]PO>\/__2|1>} H®H

xe{0,1}

And because H | x> =

v

0
2I’l
2e{0,1}" xe{0,1}"
Because this is a quantum state, the amplitudes of the computational basis states forming the
interference in the data register, has to satisfy the relation: the sum of all probabilities must be

1, so: 27|A,|2 =1.

i=0,2"-1

|‘/’3>=[ I

f(x
The amplitude of state |O>®n is Ag= D (_1)n( ! and there are two cases:
xe{0,1}"
l. function f is constant. If f(x) =0 then Ay =1;if f(x)=1thenAy=-1.1In
both sub-cases, the probability of obtaining 0 for each qubit when measuring
state|y/5) is exactly 1.

1. function f is balanced. Then Z(—l)f(x) =0= A, =0. So, the probability
xe{0,1}"
of obtaining O for each qubit when measuring state|y 3, is exactly 0.

In conclusion, the generic Deutsch-Jozsa problem can be resolved by measuring the first n
qubits from state|y/5 ) . If all qubits are |0) then f is constant, if at least one qubit is|1) then

f is balanced.
It has to be mentioned that in this quantum algorithm, the evaluation of f was performed
only once. This means an exponential improvement in the worst case, in comparison to the

deterministic classic algorithm, which may evaluate f , 2" +1 times.
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2.4. Super-dense coding

Suppose Alice holds a classical information on two bits (coded as usual as 00, 01,10,11), and

she wants to send it to Bob using a communication channel. It is shown that this can be

achieved by transferring only one qubit, if initially Alice and Bob share a pair of qubits in an
00)+|11

EPR state: |x//o> = % Alice holds the first qubit and Bob holds the second. Note this

is an initial fixed state, and it doesn’t depend on the information to be sent. There is no need
to transfer any qubits through the communication channel to prepare this state.

Alice - M Bob
|V/0> \/E
qubit 1 qubit 2

Figure 14. Initial state required for super-dense coding

Then, depending on the classical information she wants to send, Alice applies a Pauli
operator on her qubit:

- forsending 00, apply 1 =|0)(0|+|1)(1|, the combined state being
)R I0)+ 1L ®I|1 00)+ |11
) =181y - 12O Y o0
- forsending 01, apply X =|0)(1]+|1)(0|, the combined state being
X[0)®1|0)+ X|1)®1|1) |01)+]|10)
=X®I = =
|W01> |‘//0> \/E \/5
- forsending10, apply Z =|0)(0| —|1)(1|, the combined state being
Z|0)®1|0)+ Z|ny®1|1) |00)—|11)
=Z®I = =
|l//10> |l//0> \/E \/E

- for sending11, apply iy =|0)(1| —|1)(0], the combined state being

Alice ‘ny> _ 0)®[y)+(=1)*[1)]-y) Bob
.
qubit 1 qubit 2

Figure 15. Combined state after applying one Pauli operator

Because <ny ‘Wzt> = Oyy 7, States "//xy> (known as Bell state, Bell basis or EPR pairs) are

orthonormal, hence they form an orthonormal state in the state space|y).
Next, Alice sends her qubit to Bob.
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_10)®[y)+ 1 hl-y) Bob

-

qubit 1
qubit 2

Figure 16. Bob holds now both qubits

Having both qubits, Bob can now perform a projective measurement in Bell basis, using for
measurement operators (projections):

Py = ‘ny><(//xy ‘ ,Wherex=0.1and y =01

Assuming state‘yxxy> is the real one, the probability of obtaining result xy is in this case:

p(xy): <ny ‘ny‘l//xy> =1;
while if the real state is|y, ), the probability of obtaining xy is:

p(xy): <l/’tz |ny|‘//tz> = O,(V)[Z # Xy
So, bob can precisely calculate value xy which represents the very information Alice wanted

to send him.
Because the projective measurement doesn’t in this case actually change the state of the
system at all:

P
) xy“//xy>="//xy><l//xy‘l:yxy>_‘ )

Jp0xy) 1 B

it means the received information can be read as many times as necessary. It is guaranteed
each time the same value will be read.

A generalization for this protocol is possible: for sending 2n bits of information, Alice and
Bob must share an entangled state on 2n qubits: n qubits are in Alice’s possession and the
other n qubits are Bob’s. each time Alice wants to send two bits of information, she applies a
Pauli operator upon one qubit and sends the resulted qubit to Bob. In turn Bob applies a
projective measurement on the state resulted from combining the received qubit with its
entangled pair.

Another characteristic of this protocol is related to its security. If Eve listens on the
communication channel used by Alice and Bob, she intercepts the qubit Alice sends and
wants to calculate the respective information.

- 22 -



Eve

qubit 1

Figure 17. Eve intercepts the qubit

To achieve this, Eve will have to perform a measurement on the intercepted qubit. So, she
defines a set of positive operators E,,, to apply on qubit 1. Assuming the real state is‘://xy> :

the probability of obtaining result m after such a measurement is in this case:

p(m):<‘//xy‘Em®|‘ny>=(|o>®|y>+\5§1) |1>|_|y>, Em|0>®|y>+\§%l) Em|1>|_'y> =
_ {O[En|0) +[Em|L)
2

So, the probabilities of obtaining each of the results are equal, regardless of the real state
before the measurement. In conclusion, because Eve can’t compute the information sent by
Alice, this protocol is guaranteed to be secure as long as Bob’s qubit is kept secret.

2.5. Quantum teleportation

Quantum teleportation [12] is a technique for transmitting quantum states that can be used
even without the need of a quantum communication channel between the sender and the
receiver.

Alice wants to send to Bob a qubit in an arbitrary state|y ). The restrictions Alice must obey

are:
- Alice doesn’t know the state to be sent. She can’t even find it out because she has
only one copy of the qubit to be sent, and therefore she can’t perform a measurement.
- Alice and Bob share only one digital classical communication channel. So no qubit
can be sent on it.
The solution is based again on the assumption that Alice and Bob share an initial a pair of

[00) +[11)
&
The steps of the communication protocol are [34]:
Pas 1. Alice and Bob initialize the EPR pair. Alice takes one qubit, Bob takes the
other one.
Pas 2. Alice combines the qubit to be sent, which is in state |y/) with the first EPR

qubit. Alice obtains then one of the following results: 00, 01, 10, or 11.
Pas 3. Alice sends these two bits to Bob.

qubits in EPR state:| Byo)
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Pas 4. Depending to the received bits, Bob performs a transformation (one of four
possible) on his own EPR qubit. The final state of this qubit will be the very initial
state |y ).

The quantum circuit representing this protocol is presented below.

e Alice
:’ Classical communication
) H ichannel
O e s
0) s |
0 —— &—— = )
Alice and Bob e
R S S T
|l//o> |W1> |l/’2> |‘//3> |W4> |‘//5>

Figure 18. Quantum circuit for qubit teleportation

Initially, Alice and Bob prepare an EPR pair, using a circuit with two gates: one Hadamard,
one CNOT acting on two qubits, each of them in the computational basis state|0) . The initial
state is:

o) =¥)|0)|0)
After applying Hadamard gate, the state becomes:

|0> |1> |00> +|10>
1) =lv) =10 =lv)——7%—
Then, CNOT gate inverts the second qublt |ff the first one is in state|1> . The next state is
therefore:
100+
wa)=|w) N =v)| Boo)
Now, Alice and Bob share an EPR pair and therefore Alice and Bob can now move away
from each other, taking one qubit each. They can communicate form now only on the
classical digital channel. Until now, the target qubit to be sent was left untouched, in its initial
state:
|w) =2|0)+bj1)
The combined three qubit system state is:
00) +11)
v2) = a0} + b)) === = = l0}(00) + 1))+ 1) 00) + 1]

Alice applies another CNOT gate, the new state being:
1
va)=—7 [2/0)((00) + [11))+ bj1)(10) + |01))

Then, the target qubit goes through a Hadamard gate:
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) =% a|o>\/_+2|1>000>+|11>)+b%(110>+|01>) =
wa) =5 [a(0) + [)|00) +[12)+ b{0) - [1)(20) + oL
which is equivalent to:
lws)= %[a| 000) + 8 011) + & 100) + a|111) +b|010) + b| 001) — b|110) — b[101)]

Iwn=%W@@@+WDFWD@D+W®Fﬂ®@®—MDFﬂQ@D—W@ﬂ
Next, Alice performs a measurement on the two qubits she holds. The measurement is in the
base formed from orthonormal vectors|m,m, ), where m;,m, < {0,1}, i.e.|00),|01),|10),/11).
According to the quantum measurement principles, projectors Py, =|mm, )(mym, |are
applied on Alice’s two qubits, obtaining the following results:

00 with probability p(00)=(y4|Po ® I,|w4) = % resulting state being

Poo ® I2|v4)

|‘//5 (00)> = W

e 01 with probability p(01)= (w4 [Po1 ® I5|w4)= % resulting state being

Po1 ® l|wy)
p(01)

e 10 with probability p(10)=(y4|Po ® I5|w4) = % resulting state being

=[00)(a0) +b|1))

|w5(01)) = =[01)(al1) +b|0))

wsa0) = 0 22lVal g0y )

N piloi

e 11 with probability p(l1)= (w4 [P ®l,|w,)= % resulting state being

P ®l,lyy)

lws(11)) = o) [11)(al2) - b[0))

Alice now sends to Bob the result from her measurement, as two bits m;m,, using the

classical communication channel. Depending on the Alice’s measurement result, Bob’s qubit
will be in one of the following states:

e 00 |ysg(00)) =a0)+b|1)

e 0l |ysg(01)) =al1)+b|0)

e 10> |wsg(10)) =al0) —b|1)

o 11> |ysg(11)) =all)—b|0)
Depending on the two received qubits, Bob can now re-constitute the target qubit, in its
original state |y/):

e If mym, =00, Bob doesn’t need to do anything because his qubit is already in state
w).
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e If mm, =01, Bob has to apply a X gate, because X (a|1) +b|0))=a|0) +b|1) = |y).
e If mym, =10, Bob has to apply azZ gate, because Z(a| 0)— b|1>): a|0) +b|1) =|y).
e If mym, =11, Bob has to apply first a X gate, then a Z gate, because
zX (a]1) —b|0)) = Z(a|0) —b|1)) = & 0) + b|2) =| ).
Or, shortly: if m;m,, Bob has to apply first X ™, thenz ™.

Note that this protocol doesn’t go against the special relativity principles because Bob can
reproduce state |y/)only after he receives the two bits from Alice’s measurement, so the

information travels only with a limited speed.
Bob can’t reconstitute by himself the state|y/). To prove this, consider the density operator of

the whole system, just after the Alice’s measurement:

"% =% 1w (00)5(00) + 2|5 (025 00) + 3 |ws10)y00) + ;w5 0 L) w5 1)
p*® = 2 00)(00 (a0} + l1)a" (0] b* 1)+ [02)(01 (1) + o} a1 +b° (0]

+/10)(10/(2|0) ~bj)a (0] ~ b* (1])+[12)(11 (af1) — b} o) a" (1]~ b* (0]

Apply a partial trace on this system to find the density matrix for the Bob’s sub-system:
1 : . . .
p* =t (o)~ [la0)  BIL)Na (0] b (1)) + (1) + blo)a (1 + (0]

+(a] 0) ~bj2)ar (0] ~b"(1])+ (af1) ~bl0))a (1| ~b(0] )

 2la* +Jof* o) (0] + 2{af + b Juy

4
[0)0[+[DE[ _ 1,
2 2

So, the state of Bob’s sub-system doesn’t depend at all on the target qubit state|y/).

Therefore, any measurement Bob would perform at this point will provide no information
about|y).

Another fact to be noted is that the quantum teleportation protocol doesn’t produce any copy
of the target qubit. At any given moment, only one qubit is in state |y ) . After the protocol

ends the target qubit, which was initially in state|y/), is now in one of the computational basis
states|0) or|1), because a measurement is applied on it.

The quantum teleportation shows the possibility to inter-change of different resources,
demonstrating that one EPR pair together with two classical bits of communication is at least
identical to a qubit of communication. This fact is used for building robust to noise quantum
gates and for correcting the errors in quantum transmissions.
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3. Graphical representations

3.1. Trace of an operator

Every operator A over the Hilbert vector spaceV of dimension n has an associated square
matrix of complex numbers a;; [nxn], defined for an orthonormal base |vy).. vy like this

[10]:
(v; |A‘VJ—>,Vi, j=1n.

For two different orthonormal bases v, )..|v,, ) and|w; )..|w, ), the associated matrices are
ajj = (Vi |A‘vj >and respectively aji' = (W, ij > . These matrices are similar, being related by
a unitary matrix AY =U TAYU where Uij = <vi ‘wj > _
The trace of a square matrix of order n is defined as:

n

A)=> a

i=1

The trace is cyclic:

n n n n
AB :Zzaikbki :ZZbkiaik :tr(BA)

i=1 k=1 k=1li=1

The trace is linear:

tr(A+B) Za“+ Za“+ b, = tr(A)+tr(B); tr(cA) = an —cZa,,—ctr

i=1

>

and:

tr(AT)= izilla;‘} =[Za,,j = tr(A

Because trace is an invariant of the similarity transformation
trluT AU )=tfuutA)=tr(A),
And because changing the base is equivalent to a similarity transformation [50], it means it

makes sense to define the trace of an operator over the vector spaceV as the trace of the
matrix associated to an orthonormal base.

If | j), j =1 n is an orthonormal base inV , then:
Vi k=1nsij=k: tr j)(j|)=1 and tr( j)(k|[)=0 and tr(1,)=n

3.2. The operators’ vector space
The set Ly , containing all the linear operators defined over a Hilbert spaceV , is also a vector
space over the complex numbers [33]. Also, in this space one can define a scalar product:

A
(A, B)=tr(AT B) . An orthonormal basis in this space is defined by the Hermite operators:
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W, Vik=Lnandk > |

Ay = '|J><k|J§'|k><’|, vjk=Lnand j >k

3.3. Pauli matrices

With the above notations, if V, is a bi-dimensional vector space, the vectors corresponding to
the computational basis states form an orthonormal basis, and the following Hermite

operators:
SO i 1 I D /1 P )l S L U i IS
J2 V2 J2 V2
form an orthonormal basis inL,, .
Removing the requirement for the operators to be normal, one obtains the Pauli operators:
oo =12 =[0){0[ +[1){1]
o1 =0y = X =[1)(0]+|0)(1]
o =0y =Y =i[1)(0[-i[0)(1]
o3 =0, =Z =[0)(0—[1)(]]
The Pauli matrices associated to Pauli operators for the computational basis states are:

E (01 [0 i S_[1 o
077271 1| 177X 1 0| 277V i o 3777 0 -1

Pauli matrices have the following properties:
- Hermite: o =0y, vk =03

- unitary: azak =akai =G|§ =I2,‘v’k=@
o 3
- if Vj,k=1,3:0'j0'k =5jk|2+i28jklo_l
1=1
- XY =IZ YZ=IX ZX =iY YX =—Z ZY =-iX XZ =-iY

- {GJ—,Gk}zo-jO'k+akaj=02, VJ’k:]:), Sl J¢k

3
- [O'j,O'k]=2iz€jk|O'|
1=1

- tr(opg)=2 and tr(oy )=0, Yk =13

3.4. Graphical representation of qubits

3.4.1. Qubits in pure state — Bloch sphere

Using the well-established Dirac notation, the pure state of a qubit, defined as a linear
superposition of the computational basis states, it is represented by the following equation:

)=o)+ A1), aBeC, |of°+|B]° =1
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where |0) and 1) are the computational basis states. So, a qubit in a pure state is represented

by a unit vector in a bi-dimensional complex vector space [48].

For the purpose of geometrical representation, it is more useful to use the polar coordinates
for complex numbers. Considering also the measuring principle from quantum mechanics
stating that measuring two quantum states that differ only by a global phase factor, provides
always the same result (|y/) = e'¢|y/>, V¢ e R), the state of the qubit can be then expressed

as.
|y/>:cosg|0>+sin%ei¢’|1> 76[0,72'], (06[0,272')

This equation represents therefore the base starting point that provides for a geometrical
representation of qubit states, because it proves that there is a bijective mapping between the
set of measurable pure states of a qubit and the unit sphere in the Euclidean tridimensional
space. According to this mapping, each and every pure qubit state has an associated point P
on the unit sphere, a point having the spherical coordinates P((D, ;/). The OP vector, with the
origin in the center of the unit sphere, is called “Bloch vector” and has the following
coordinates in a tri-dimensional Euclidean space:

(px, Py, P; )= (cos gsin y,sin gsin y,cos )

)

Figure 18. Bloch Sphere

3.4.2. Qubits in mixed states — Bloch ball

As opposed to pure state qubits, where a state vector is used to represent their state, when the
qubit state is mixed, the density operator is used for representing that state. Actually, these
two representations are mathematically equivalent, but they have different, though similar,
physical interpretations. The principles that form the base for the quantum mechanics theory
can be formulated using either of the two approaches: state vectors or density operators.
Assuming a quantum system is in an unknown state, but the possible states form a finite and

discrete set, where the pure state |1//i> occurs with the probability p; , the density operator
associated with that system is defined by the following equation:
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PEZpi|‘//i><'//i | 0<p;<l, Zpi =1

The density operator is a self-adjoint (Hermite) positive operator, with unit norm:
p'= z pi*|l//i><l//i | :Z pi|l/li><l//i | =pP

* 2
(wlelw) =2 plwlw)wilv) =2 plwlvilvlv) =2 plwlw)| 20

tl’(p)ztl’(z pi|‘//i><‘//i |j:Z P; trq‘//i><Wi |):Z p =1

According to the quantum mechanics formalism based on density operators, the pure states
are just a particular case that can be also represented by density operators. The density
operator of a pure state is defined as:

p=ly)v]
The trace of a general density operator satisfies the following inequality; with the equality
happening if and only if the respective density operator represents a pure state:

tr(p2 )S 1
For the quantum system representing one qubit, the associated density operator o belongs to

the complex vector space defined by the set of all operators generated by the Pauli operators.
Therefore that density operator can be decomposed as a linear superposition of the Pauli
operators, using complex coefficients:

p=a|2+bGX+CGy+dO'Z, a,b,c,d eC

The complex coefficients can be further refined by imposing the restrictions that apply to
density operators: self-adjoint, positive and unitary. Hence the equation above can be
transformed such that it allows for a geometrical representation:

pz%(l2+rxgx +Iyoy +rz02)=%<|2 +F-5)

whereas r is a vector in the real tri-dimensional Euclidian space. Considering the matrix
associated with this density operator in the computational basis state, and by forcing its
eigenvalues to be real positive numbers (this is allowed because the operator is itself

positive), it follows that the r vector is restricted to a unitary ball, centered in the origin:

41,2 412 §1<:>HFH <1

Again, the equality happens if and only if the respective density operator represents a pure
state. The north and south poles of the ball represent two particular pure states: the
computational basis states.
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Figure 19. Bloch ball
When the density operator p represents a pure state, this state is represented using the real

unity vector r = (rx, ry, I )= (cos @sin y,sin sin y, cos ;/) . Then, the representation on the
Bloch sphere is a particular case of the representation on the Bloch ball.

10)(0)

Figure 20. Bloch sphere and ball

3.5. Rotation operators

The complex exponential function defined on the space of the square matrices nxncan be
factored using the Taylor-Maclaurin series [13]:
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© (: k

. 1AX

exp (iAX) = Z( k')
k=0 *

where Ais any square matrix of complex numbers and X is any real number. If additionally, A

satisfies the relations:

A% =1, =A% = ;AT = A vk eN,
the above equation becomes:

exp(iAx):[i(_l)k (21k)!X2kJI” +i(§(_1)k L x2k+1JA=cos(x)ln +isin(x)A

k=0 k=0 (2k +1)

Therefore, because the Pauli matrices satisfy af = |,, one can define the following operators

in the complex bi-dimensional space, which will be proved to be the very tri-dimensional
rotations across the coordinate’s axes:

Rk(é’)zexp(—ltzﬁk]zcosgl2 —isingak,Vk =03

3.5.1. Rotation operatorR,

For the k = 3case in equation (16), the operator and its associated matrix, according to the
computational basis state, defined by the following equation:
-ig
_ -6z 0 .. 0 eT 0
RZ(H)zexp(T):cosgIZ—ISInEZ: i0
0 e?
has the following geometrical interpretation: for a qubit in a pure state, upon which an
operation defined by equation above is performed such that the qubit transformed state is:

ly) = Rz(e)|y,0>=cos%|o>+sin%ei%|1>

and if the corresponding points on the Bloch sphere are Py and P4, then P; can be deducted
geometrically by rotating Py with angle & around the z axis.
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Figure 212. Geometrical representation of the rotation operator R,

This interpretation can be validated by simply applying the operator on the qubit in initial
state:

: eiz" 0 cos% “io cos% _io
R,O)v,) = i =e? =e?y)z|lw
Jec) 0 e?67 sin 20 g0 sin 72 gi(eo+0) )=l

And from the figure above, the parameters for the transformed state:
PO —)P1<:>]/1=]/0 SI(D]_=(00 +6
3.5.2. Rotation operator R,

In the same way, for the case k =1= x, the operator whose associated matrix in the
computational basis state is:

0 .0
i cos— —isin—
RX(Q)EGXP(I—@(J=COSQIz—isingx= 2 2
2 2 2 —ising cosg

2 2

has the following geometrical interpretation: for a qubit in a pure state, upon which an
operation defined by equation above is performed such that the qubit transformed state is

lp1) = Re(0)wo) = cos%|o>+sin7_21em|1>,
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and if the corresponding points on the Bloch sphere are Py and P4, then P; can be deducted
geometrically by rotating P with angle @ around the x axis.

)N

z OP, = (cos ¢y sin 7o )x = (cos ¢ sin 1 )x

N o B

PozPo = (c0s 79)z = Mﬁucos(e + a)]E

P PPy, = (singgsinyg )y = ﬂ\ﬁ”sin(em)k
P, P, =(cosy;)z = mﬁucos a)f

PP, = (sing;siny, )y = Q‘ﬁusin aE

Figure 22. Geometrical representation of the rotation operator R,

This interpretation can be validated by:

cosgcosﬁ—isin Qsin o gioo _ cos 22 _
RX(9)1//O>= 20 2 20 2 =€ 2_ =e"|y,) =|y,), unde ¢ €]0,27)
—isin—cos 22 + cos —sin 22 g sin%e""l

3.5.3. Rotation operator R,
In the same way, for the case k =1=y, the operator whose associated matrix in the

computational basis state is:
cosg —sing
R,(6)=exp -l =cosQ|2—isinQY= 2 2
y 2 2 2 .60 0
smE cosE

has the following geometrical interpretation: for a qubit in a pure state, upon which an
operation defined by equation above is performed such that the qubit transformed state is:

lw1) =Ry (0)wo) =cos%|0>+sin%ei¢l|1> ,
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and if the corresponding points on the Bloch sphere are Py and P4, then P; can be deducted
geometrically by rotating P, with angle @ around the y axis.

Figure 23. Geometrical representation of the rotation operator Ry

For validating this last geometrical representation, one can make use of the two
representations demonstrated in the previous two chapters, for R, and R,. Any rotation with
angle @ around the y axis can be factored out into three rotations made in the following
order:

- one rotation with angle —% around the z axis

- one rotation with angle @ around the X axis

. . v/ - .
- one rotation with angle 7 around the z axis

Then, according to the previous two geometrical representations, these three rotations can be
written using the respective operators:

i o .. 0 .

-z cos— —isin—| i
(Ror[Z)e o] T2, T o e
2 2 0 e* —isinE cosE 0 e 4
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3.5.4. Generic rotation operator R,

Considering a unitary vectorn = (nX Ny, nz) in the real tridimensional space, there is a matrix
defined by:

- — — —\2
n-o=nyoy +Nnyoy, +n,o, Where (n~a) =1,

And therefore it makes sense to define the generic rotation operator:
.0 — o .. 0= =

R,(@)=exp| —-i—n-o |=cos—1I, —isin—n-
n( ) Xp( 5 O'j 52 5 o

having the following geometrical interpretation: for a qubit transformed by the operator
R, (@), such that

ly1) = Ry (@) wo) = cos%|0>+sin%ei¢l|1>,
if Py and P are points on the Bloch sphere corresponding to the states |y, ) and respectively

lw1), then P, can be obtained by rotating P, , by the angle & around the n axis.

Figure 24. Geometrical representation of the generic rotation operator R,

For demonstrating this, the rotation by angle & around the n axis is decomposed in rotations
around the coordinate axes:

- align n axis overz :
o rotation by angle —¢,, around z
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o rotation by angle —y,, around y
- perform the desired rotation:
o rotation by angle & around z
- bring n axis back in the original position:
o rotation by angle y,, around y

o rotation by angle ¢, around z

Ry (0) =R, (@n )Ry (7n )Rz (H)Ry (_ 7n )Rz (_ Pn )

cosg— i sinEcos n sing(— i oS @,, Sin ¥, —sin @, siny,,)

. 6, . . . . 6 .. 0
SIHE(—ICOS(pn siny,, +sin g, siny,) cos +isin=-cos 7y

The coordinates of vector n can be deducted from the angles ¢, andy,:

n= (nx,ny,nz): (cos @y, sin y,,,sin @, sin y,,,cos 7,,)
It implies that:

01 0 —i 1 0
R.(0)=|n, +n,| . +n, :cosglz—ising(nxx +nY+nz)
10 Ti 0 0 - 2 2 Y

3.6. Decomposing unitary operators on one qubit

Because the set of Pauli operators I,, X,Y,Z form an orthogonal basis in the vector space of
linear operators over the bi-dimensional complex space, any operator on one qubitU can be
decomposed in:

U=al, +bX +cY +dZ
where a,b, c,d are complex numbers uniquely identified.
If, additionally, the U operator has to be unitary, then:U =¢'* R (), wheren = (nx Ny, nz) is

a unit vector and @ [0, z].

3.6.1. Z-Y decomposition of one qubit unitary operators
If U is a unitary operator over the bi-dimensional complex space, whose associated matrix is:

u-|?® Plouto|® ©
c d b* d*
wherea,b ¢ and d are complex numbers. Then, using the polar coordinates of these
complex numbers, the matrix can be decomposed like this:
iaa+ad
- ifjp|=0v|=0=d=|d=1,thenU =e 2 R,(-a,)R,(0)R,(xq)
iab+ac+7r
- ifjla=0v[d=0=|pb/=|c|=1,thenU =e 2 R,(-ay+a,-7)Ry(7)R,(0)
- if |a] = 0and |b| = 0and|c| = Oand|d| = 0, then
i aytoy

U =e( 2 j R, (~ @, +ac )R, (2arccos|al)R, (~ o +atg)
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3.6.2. X-Y decomposition of unitary operators on one qubit
Considering U a unitary linear operator over the bi-dimensional complex space, it can be
decomposed in rotations X-Y: U =e'* R, ()R, (7)R,(5) where the rotation angles can be

computed from:

a bl cosZcos2C isinZsin2=% _sinZeos 22 —icosLsinBES

{ }: i " 2 2 272 2 2 270 2

c d sinZcos? =% _icosLsin2%  cosZcos B2 LisinLsin2=2
2 2 2 2 2 2 2 2
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4. Controlled quantum circuits

Using the decomposition of unitary operators on one qubit in a product of rotations, it is
possible to demonstrate the following result, very important in constructing unitary operators
that act on multiple qubits.
Corollary: Suppose U is a unitary operator on one qubit. Then there exist unitary operators
A, B, C on one single qubit such that ABC = I, and U = e'*AXBXC where a is a generic
phase factor.
Demonstration: According to the Z — Y decomposition on one qubit, any unitary operator U
can be decomposed using «, 3,7, € R as:

U = e“R,(B)Ry (y)R,(5)
The corollary can then be proved by using the unitary operators:

A= R(BR, (5)
B =Ry (5_ _%)ﬁRZ (- #)
¢ ()

4.1. Controlled-U operator on one qubit

4.1.1. Definition and notations

Let a unitary operator on one qubit U. A Controlled-U operator is defined as an operator on
two qubits — one control qubit and one data (or target) qubit — that obeys the following rules:
- the control qubit always remains unchanged,
- if the control qubit is set, then operator U acts on the data qubit,
- if the control qubit is reset, the target qubit remains unchanged.

|0[0) — |0)|0)
|0)[1) — 10)]1)
|1)[0) — |1)U]0)
|1)[1) — [1)U[1)

U—Controlat
lc)|d) ——— |c)UC|d)

The circuit that implements the Controlled — U operator is represented as [61]:

U

4.1.2. Implementing the Controlled-U operator on one qubit

Using the decomposition U = e!*AXBXC, it can be proved that:

Theorem: The Controlled — U circuit can be implemented using only one qubit gates and
the CNOT gate.

Demonstration: The circuit is the following one, where the phase gate is defined as:

10)— s10) = 10)
1) = 511 = et®l1)
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4.2. The Controlled-U operator on multiple qubits

A particular example of such operator is implemented by the Toffoli gate.
In the general case, considering the computational basis state, given an operator on n + k
qubits where the U operator acts on k qubits, the controlled U operator by n qubits is defined
as:
CrW)|cicy oc)ldidy o di) & |cicy o cr)UCL2nd d, ... dy),

where the exponent is the binary product of the control bits c,c, ... ¢,. So, the controlled U
operator has the following properties:

- the control qubits ¢, c; ... ¢, always remain unchanged,

- if all the control qubits are set Vi € {1,2...n} = ¢; = 1, then the U operator acts
on the data qubits d,d, ... dy,

- if at least one control qubit is reset 3i € {1,2...n} = ¢; = 0, then all the data
qubits remain unchanged.

|C1) ®

|C2) L 4

| Cn) . ¢

|d;) I

| d5) —
. U .

|y — -

4.3. The Controlled-U operator with two control qubits

4.3.1. Implementation using controlled gates on 1 qubit

Theorem: C?(U) can be decomposed in a product of C(U) operators.
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Demonstration: The following circuit demonstrates this decomposition, where V2 = U.

|C1> \ 4

| — D M

C2) = N N

ld) U — Vv yt Vo
u

For the Toffoli gate: U = X and V = % (I, + iX). Then it follows that reversible gates on

one gubit together with reversible gates on two qubits are enough to implement the Toffoli
gate. This proposition doesn’t hold for classical computing.

4.3.2. Implementation using only CNOT gates and one qubit gates

Theorem: Any operator C2(U) can be implemented using at most 8 gates on one qubit and 6
CNOT gates.

Demonstration: Using the decomposition V = e'*AXBXC =Vt = e"*“CTXBTX AT, from the
previous theorems, the following circuit can be built

N N
S o5t N
N N N N N N
mElAnvwamEinwak At o1 o o 41—
This circuit can be further simplified because ATA = I,, CCT = I, and STS = I,:
s
P P
S wa NP
_ | Jan Jan Jan P P P
C <o o o 8" o o fr—po14
CNOT CNOT

The three cascaded CNOT gates produce: |c;c,¢3) — |c1¢3) e, D c3) — |eq)lc; D

cy)| e, @D c3) N lc) ey D cy)ler D ¢, D c3), and this state can be computed by using
just two CNOT gates:
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/)
N
I
/)
N

O—D —b—
The circuit can be further simplified. According to the previous theorem the following circuit
identity holds:

Emlz é"mlz —
N = N
S o5 = NP
N N N N
N N N N
And the effect of this circuit is:
CNOT elay, e
lcicac3) — |cica)lcy ©D c3) — e 2|cp)ex)e, D c3)
CNOT . ey, . ia( )
— e'“2|cy)|c; D cy)le, D C3) glaczgla(c1®c lcidles @ ca)le, D C3)

CNOT . 116
—— el@2ei @@ |c )|, @ c,)le; B e, B e, D c3)

= 9iacZ€m(C1€Bc2)|C1)|C1 @D c2)|c1 D c3)
The same state can be obtained using a more efficient circuit:

eaj 2 efaf 2

St

JaA
N
1
9N
JaA
N

N
L

With these last simplifications, the desired circuit is:

/A
G
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4.4. Quantum implementation of universal reversible classical
gates

4.4.1. Implementing Toffoli gate

Toffoli gate is a reversible gate which is universal for classical computation. It can be
implemented using only the following types of gates: Hadamard, phase, CNOT and T. The
circuit is:

|C1) T —|C1)

lcz) Tt Tt

J
VV

J

ldy—+ H

4.4.2. Implementing the Fredkin gate by using Toffoli gates

The Fredkin gate, also called controlled swap gate, has a special signification in the classical
theory of reversible computing. It is defined as a gate on 3 qubits that satisfies the following
conditions:

- the control bit remains always unchanged

- the data bits are swapped iff the control bit is set

The Fredkin gate has two significant properties:
- reversible: applying the gate twice all the bits are switched to their original states.
- conservative: the number of set bits is conserved when they go through the gate.

In quantum computing, the Fredkin operator is unitary, his matrix for the computational basis
state is:
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The Fredkin gate is represented as:

| a)
| b)
10)

Fredkin

1
0
0
0
0
0
0
0

ecNeoNoleoloNel 2=
S OO OO KRk OO
SO OO R OOO

| a)
| b)
10)

S OO RrRr OO OoOOoO

OSPRPr OO O OO O

SO PR OOOOoOOo

| a)
| b)
11)

o o000 00O

| b)
|a)
11)

Fredkin

From its definition, one can deduct its algebraic description, where a, b, c are binary numbers

each on 1 bit:

|abc)

Fredkin

la @ ca @ cb)|b B ca & cb)|c)
The Fredkin gate can be implemented using 3 Toffoli gates:

|aéD caP cb)

) ——P P
| b ()
1c)

| P caP cb)

19

It can be noticed that the first and the last Toffoli gates can be replaced by CNOT gates, the
new circuit having exactly the same effect:

|aD caD cb)

) ——D S,
| b C)
lc)

| b caP cb)

l6)

Because the Fredkin operator is symmetric in a, b, the following gate is also equivalent to the

precedent one:
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1 a) () |aéP calP cb)
| b) D an | b cadd cb)
lc) |c)

Next, replacing the Toffoli gate with the circuit from 4.3.1. that implements the Toffoli gate,
one finds a circuit that implements the Fredkin operator using only 2 qubit gates:

) v 4 174 |ad® cad® cb)

S
fan
N
N
N
T
N
fan

) | b caP cb)

lc) lc)

where V' = % (I, + iX). The first two gates can be grouped together into a single 2 qubit
gate:

la) Vv Vadb | 3)

b
0 — | a€D b

Thus it results an implementation of the Fredkin gate using only 6 gates on 2 qubits.
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5. Controlled operators implementation

5.1. The linear implementation of the controlled operators

A simple circuit for implementing the controlled operators C;}(U) in the generic case is
presented below. The circuit is logically split in three steps and uses n — 1 working qubits,
set initially to the computational basis state|0).

lcq)

1C2)

lc3)

| C4) *

1C5)

| Cn) . *

1/7)
1 12)
| /3)
1 1)

N
N
N
\\J

N
%
4
N
%

N
%
N
€

N
\
N
\

IIn-Z)
Iln-l)

4R
\V
4R
N

ld;)
)

| )

Considering the control qubits in the computational basis state |c, c; ... ¢;,,), the circuit
implements in the first step the logical product between all the control bits: ¢; - ¢, - ...* ¢,. For
this, the circuit uses n — 1 Toffoli gates and the n — 1 working qubits. The first Toffoli gate
implements the logical product between the first two control qubits, using as result the first
working qubit. The second Toffoli gate adds the third control qubit to the previous product,
using as result the second working qubit. And so on, until the last working qubit contains the
logical product of all the n control qubits.

During the second step, the circuit implements the desired operator C;'(U) using a controlled
gate with just one control qubit C(U). In the third step, the circuit implements the reverse
operation that corresponds to the transformation from the first step in order to reset all the
working qubits to their initial computational basis state |0).
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So, in the end, all the control qubits remain unchanged, while the operator U is applied to the
data qubits |d,d, ... d;.) iff the all the control qubits are set to their computational basis state

|1).
5.2. Exponential implementation of the controlled operators

5.2.1. Implementing controlled operators on 3 qubits

The implementation of the controlled operators C;} (U) can be realized using only operators
CE(V), without using any working qubit. The method for implementing the controlled
operator with 2 control qubits CZ(U), described above, can be generalized starting from the
logical operations performed with C2(U):

- Viffe, =1
- V-I—iffc:l@CZ:l
. Viffe, =1

Because ¢c;— ¢, @ ¢, + ¢, = 2 - (¢; A c3y), this sequence of operations is equivalent to
applying V2 = U to the third qubit.
In a similar mode, for implementing C3(U) the operator V is required, such that V* = U. The
sequence of operations on the fourth qubit is:

- (100) |4 iffc, =1

- (110) vt iffe; @, =1

- (010) |74 iffc, =1

- (011) Vi iffe, @z =1

- (111) %4 iffc, c, Bes=1

- (101) vt iffe, @ =1

- (001) |4 iffc; =1

For each of the above operations, the sets of bits on the left column indicate on which qubits

it is required to check the set condition (= 1). The parity of each triplet of bits indicates the

type of the operator to be applied: for triplets with odd number of set bits V' is applied, while

for the triplets with an even number of set bits VT is applied.

By comparing this sequence of operations with the terms in the equation:
i@t —c @t @, @es—ciDestez=4-(ciAcyAcs)

It can be verified that the sequence of operations above is equivalent to applying the operator

V* on the fourth qubit iff c; A ¢, A ¢c; = 1; that is the very definition of the controlled

operator C3(U).

The circuit that implements the sequence of operations above is presented below. For an

efficient implementation, the triplets above have to form a Gray sequence of codes.

N
IV
JA
IV

R
%
Jah)
%
Jah)
%
R
%
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5.2.2. Implementing controlled operators. Generalization

In a similar way to the construction of the above circuit, by using induction, the following
generalization can be applied:

Theorem: For any n > 2, and any unitary operator U on k qubits, the controlled gate C;} (U)
can be implemented by a circuit on n + k qubits composed of 2™ — 1 gates C{ (V) and

CL(v1), together with 2™ — 2 CNOT gates, where V2"~ = U is a unitary.
The circuit can be obtained by usmg the following equation:

z c; — z (ci, Dcy,)+ Z (c, D, Dciy)— o + (D" e, By D ... Dey)
i1=1 i1<iy 1<ix<iz

=2"1. (¢ Ay Ao Acyy)
It should be observed that this methodology of implementing generic controlled operators has
the advantage that doesn’t require any working qubits. But the main disadvantage is that the
number of required gates is rising exponentially with the number of control qubits. In
contrast, when implementing by using the working qubits, the number of gates raises only
linearly with the number of control qubits.
Here is again the old and well known compromise between the processing speed (i.e. number
of gates connected sequentially) and the size of the working memory (i.e. the number of
working gubits).

5.3. Quadratic implementation of controlled operators

5.3.1. Implementing the generic CNOT by using Toffoli

As a compromise between the exponential number of gates and the necessity of working
qubits, it is possible to design a circuit that implements C}} (U) using a single working qubit.
Lemma: For n > 3, C™(X) can be implemented using 2n — 3 Toffoli gates and n — 2
working qubits that doesn’t require any special initial state. By adding another 2n — 5
Toffoli gates, the circuit leaves the working qubits in the same state as it found them.

Demonstration: induction after n. For n = 3, the circuit below satisfies the requirements:

‘Toffol
lcicac3)ly)|d) —’ lcicaes)ly)|d D cicpc3)

lc7)

| C2)

| C3) *

) D D
4 —P—D

Assuming the statement is true for n — 1, then it is also true for n:

(4n—-12) - Toffoli
le1cz )l ly o L) d) lc1cz v Cn-Mlily o ln—3)d @ ¢165 . Cpg)
=

(4n—-8) -Tof foli
|C1C2 ...Cn>|l1l2 ™ ln_z)ld) _— |C1C2 " Cn>|lll2 s ln_z)ld @ C1Cy ... CTl)
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¥%)) *
|C2> I

| Cn-])

o)

1/7) —

I12) . L . L=Lt .

g) — ' I

N
%
N
N

|]n-2)

1d) N N
L L

Toffoli
lercz e llyly o Ly 2)|d) lercz ey ly o by ) d D Ly _cn)

(2n—5)- Toffoli
ol lcica )l @ 1)l @ cicae3) |l @ 163 o Cp)d D Ly—acy)
Tof foli

—— [c165 el D 1)y D cica¢3) v |y B €€ o Cpog)ld
69 ln—zcn @ ln—zcn @ C1C3 - Cn—lcn>
= |c1cz )l B c1e)|l; D 16263) o |ln_z B €165 . 1 )AD €165 - Croi )

(2n-5)- Toffoli
lcicz vl B c16; D i)l D cicac3 D ci0263) v |ln—p D €1C5 o Cpq
D c16z o NAD c1¢5 - CpqCp)
= |c1¢y . iy o L) |d D cqcy . Cp)

So, the total number of the Toffoli gatesis: 1+ (2n—5)+ 1+ (2n—5) =4n —8

The circuit for the generic case is:
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|C1)

|C2>

lC3)

| Cn-])

I ¢

N

\V
/A
.

117)

N
N
/A
N
N
N
N
N

112)

III]-3)

N
G
N
N

N
%

N
N

IIn-Z) C
1d)

) )
N N
Lemma: Foranyn > 3 and 1 < m < n — 1 the operator C™(X) can be implemented using a

circuit having only two C™(X) gates, two C™*~™*1(X) gates and a single working qubit.
Demonstration: is made by construction, see the following circuit. The qubits evolution is:

c™(Xx)
lcicg e c DAY —— [c165 v )L D 165 e}l A)
Cn—m+1(X)
—— 16 . L DB 165 o)l B lCi1Cmaz o Cn B €1Co oo CCms1Cmaz - Cn)

c™(x)
— 165 e L D 1€y o Cop B 165 )| A D lCi1Cman - Cn D C1C5 ... Cp)

= |c16z - c)NA D lemi1Cmaz o Cn B €162 . Cp)

Cn—m+1(X)
—— |16y e DA B lei1Cmaz o Cn D €165 oo Cp B LCs1Cmaz - Cn)

=|ci¢y .. )| D cicy ... Cp)
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lcz)

|C2)

|C3) ®

| Cm-])

| Cm)

| Cm+1>

I Cn-])

| Cn)

N
N

17)

) D D

4R
N>

Corollary: Forany n > 5, operator C™(X) can be implemented using a circuit containing
8n — 24 Toffoli gates and a single working qubit. So, the temporal complexity is linear and
the spatial complexity is constant.

Demonstration: Let m = E] and according the previous Lemma, the desired operator can be

implemented using two CE] (X) gates, two C""E]“(X) gates and a single working qubit.

According to the lemma above operator CE] (X) applied to the working qubit |I) can be

implemented using 4 [g] — 8 Toffoli gates and, as working qubits: CE] +1CE] by Cn )€
n— E] working qubits. The respective lemma hypothesis is satisfied because — E] > E] —
2 g +1= [g] .

According to the same lemma, operator C”‘E]“ (X) applied to the data qubit |d) can be
implemented using 4 (n - E] + 1) —-8= 14 (n - E] - 1) Toffoli gates and, as working

qubits:

C1Cy ... CE] ), i.e. E] working qubits. The respective lemma hypothesis is satisfied

e[z 3 1 -2 o [f 22 2] 2222

In conclusion, the total number of the required Toffoli gates is:
n n n n
(4[5] —8)+4(n—[§] —1)+(4[§] —8)+4(n—[E]—1) = 8n — 24

5.3.2. Implementing controlled operators without working qubits

Lemma: For any operator U, the controlled operator C;}(U) can be implemented with the
quantum circuit below, where V2 = U.

- 51-



lcr)

1Cc2)

I Cn-])

|Cr)

/4R
%
/AR
%

ldy) —
ldz) ; : —

Idk> | -

The €} (U) definition is verified:
1
Ci(V)

lcicy ...cp)ldqdy, ... dy)

Cn—l(X) c
_— |C1C2 Cn_1)|Cn @ C1C2 Cn_1>V nldldz dk>

CI%(VT) -]-CnEBClCz---Cn—1 c

- lciCy v Cpoi)Cn @D c1C3 v C1)V Venldyd, ...dy)

c1(x) (&) Cp—

_— |C1C2 Cn_1)|Cn @ C1C2 Cn—l @ C1C2 ...Cn_1>V-|—C‘n €162-n 1VCn|d1d2 dk>
= leyCy v M eV TEAZ g dd)

C"?_l(v) ciC c TCn@ClC'z...Cn_l c
_— |C1C2 Cn>V 1€2+tn-1y/ % nldldz dk)
_ { |C1C2 ...Cn>Vclcz"'Cn_lvTClczmcn_l|d1d2 dk) yCn = 0

|C1C2 Cn>Vclcz'"Cn_lV-I-Clczmcn_1V|d1d2 dk) yCn = 1
_ {|C1C2 ...Cn>|d1d2 dk) ,C1C ... Cpp = 0
|C1C2 ...Cn>U|d1d2 dk) yC1C ... Cpp = 1

lcicy ..cp)Vr|dyd, ... dy)

Theorem: Any operator C"*(U) can be implemented using 0(n?) elementary gates: one qubit
gates together with Toffoli and CNOT.
Demonstration: by applying the previous lemma for k = 1 and defining cost(U) as the
number of necessary gates for implementing operator U:
cost(Cn(U)) = cost(C(V)) + cost(C”"l(X)) + cost (C(VT)) + cost(C”"l(X))
+ cost(CV1(V))

According to the previous corollary, considering that the data qubit |d) is temporarily used as
a working qubit, the number of necessary Toffoli gates for implementing operator C"*~1(X)
is:

cost(C"1(X)) =8(n—1) — 24 = 8n— 32
According to a previous theorem, the two gates C (V) and C(VT) coupled like the circuit in
the corollary above, require together 6 gates on one qubit and 4 CNOT gates:

cost(C(V)) + cost (C(V1)) = 6 +4 =10
So: cost(C™(U)) = 10 + 2(8n — 32) + cost(C™1(V)) = 0(n) + cost(C"1(V))
And from this recursive relation it follows that: cost(C™(U)) = 0(n?).
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6. Universal quantum gates

6.1. Gates controlled by |0) qubits

In the previous circuits, the unitary operators from controlled gates are activated when the
control qubits are set to |1), and they are deactivated when at least one control qubit is reset
to |0). It is possible to build the controlled gates the other way around: the respective unitary
operators are activated when all the control qubits are reset to |0). It is also possible to build
gates that require for activation a mixed type of the control qubits, some set to |1), the others
reset to |0).

For example, similarly to the CNOT gate, it is considered the simplest such circuit on two
qubits — one control qubit and one data qubit, where the data qubit is flipped iff the control
qubit is reset to |0). The general transformation for such a gate is: |c)|t) — [c)|1 D ¢ D
t) = |c)|c @ t). This circuit can be implemented using a regular CNOT gate:

O — X X

N N
In the generic case, consider a circuit on any number of qubits, which is controlled by a
mixture of [1) and |0) control qubits. This type of circuit can be implemented using one
qubit X gates and one regular controlled-U gate. The X gates act on the control qubits that
activate the U gate by their |0) state.

O X X
O X X
U U
X . U—controlat
C1C2C3)|Eqt; v ty) — > [cCoCa) [t by o b))

U—controlat - _ X -
[cicaca)tsty oty @ CicaC3) ——— |cicac3)|tit; ooty D C1c,C3)

6.2. Infinite sets of universal quantum gates

In classical computing, the set of following gates is universal, that is any operation can be
implemented by using only these gates: {AND, NOT, FANOUT}. Other such universal sets for
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classical computing are the one gate set {Tof foli} and the one gate set {Fredkin} [23]. This
means that, because the Toffoli operator can be implemented by using a finite set of quantum
gates, the set of all classical circuits is a sub-set in the set of all possible quantum circuits.
The same conclusion can be reached by using the Fredkin operator.

A set of quantum gates is considered to be exactly universal for quantum computing iff any
unitary operator acting on a finite number of qubits can be exactly implemented by a
quantum circuit containing only gates from the given set [4]. For this type of universality
only infinite sets have been discovered [5].

If using a probabilistic paradigm, a set of quantum gates is said to be approximately universal
for quantum computing iff any unitary operator acting on a finite number of qubits can be
approximated with an arbitrary big accuracy by a circuit containing only the gates from a
given set. For this type of universality, finite and discrete sets have been discovered.

6.2.1. Level 2 matrices

Let a square unitary matrix of dimension d X d, acting on a d-dimensional Hilbert space. By
definition, a matrix U of order d that acts on any vector v having d components, is called a
level 2 matrix iff the matrix modifies two components from v, leaving all the other
components unchanged.

For example the matrix below is unitary and of level 2:

1 - 0 - 0 UTEA | V1
(:) u:ii u:ij 0 Vi uiivi‘['uijvf
(:) Uj u;-j 0 77‘]- - ujivi4:—ujjvj
PSR SRS | ' ) )

U U U
[ | P
V;— UV =Uu;v; + U;ijvj and ViV = U;v; + Ujjv; and Vk ¢ {l,]} = VUV — Vg.

This is because the only non-trivial elements in the matrix are: u;;, u;;, uj;, u;;. The rest of the

elements on the principal diagonal are 1, and the others elements in the matrix are all 0.
Furthermore, because the matrix has to be unitary, the non-trivial elements have to satisfy:

2
lui? + || =1
2 2
il + ] =1
ufiuij + u;l-ujj =0
Note that the inverse of such a unitary, level 2 matrix is also unitary and of level 2.

6.2.2. Decomposing matrices using level 2 factors

Theorem: Any unitary matrix U of order d can be decomposed in a finite product of unitary
matrices, each of them of dimension d X d and level 2.
Demonstration: Explicitly construct a set of level 2 matrices Ui(” wherei > jA{i,j} c

{1, ...,d — 1} such that:
j=d-1 [i=d-1

[T(TTw)jo-
1 J
Then, by multiplying to the left by level 2 matrices: Ui(m, the desired decomposition results:
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d-1

o-T({jo

j=1 \ i=j
The requested unitary, level 2 matrices are chosen in the following way: U; () js chosen such
U117 [U12 U1q
that it acts only on lines 1 and 2: [um ,[uzz uzdl Then by multiplying U( U one gets

a matrix U’ that has u',; = x,uy; + x5, uél = 0. So,
U(l) = Id,lf u21 =0

_xll xlz 0 °* 0 0_
le xZZ O . E i

uP = s s o i i|ifup #0
L 0 0 O ees 0 ces 1_

This implies resolving the system:

* * _
(X11X11 X121 =1 Upg
| X310 + X3px0 =1 | ¥12 = X211 = * %
\/u11u11 t UpqlUp,
1 " =0=
X11X21 + X12X22 = — Uy,

| x71%12 + X312, = 0 L_xﬁ = X2 = = -
X21U11 t X2 Upg =0 Vit + Uz,
So, for the general case, the first matrix in the factorization is:

— * * _
ti Y21 0 - 0 - 0
* * * *
VUi + upudy Jug Ul + Uiy
Uzq — Uy 0 0 0
* * * *
U(1) _ \/u11u11 T UpqUpy \/u11u11 T UpqUyy if Uy, % 0
0 0 1 « 0 - 0l 21
0 0 0 - 1 - 0
| 0 0 0 - 0 - 1
And:
__ ! I 7 -
Ugg Ugz - Uqj 0 Ugg
! 1A 1A
O u22 vee qu vee qu
U(l)U _ . . . E . .
1
Ui Ui uij Uig
—udl udZ cee udj “ee udd-

In a similar way, all the elements u;4,i € {2, ..., d} from the first column can be turned into 0,

by using the unitary level 2 matrices Ul.(l), acting on lines 1 si i. So, after such d — 1 steps,
the product of unitary matrices gives:
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_u I11 u 12 cee u 1] cee u ld_ —1 0 vee O v 0 _
! ! . !
0 Upy v Uy v Uy 0wy - wy v Uy
1) 1) : : : : : )
U( WU U= = l ! !
d-1" "1 0 Uy o Uy o Uy 0 wy -« uy o Uy
' ’ N ey’ 0 u e U U
0 U g U gj Uaal L dz dj dd

Next, the same procedure is applied for the sub-matrix obtained from U by eliminating the
first row and the first column. Using the unitary level 2 matrices UZ(Z) U(gz_)l, acting on lines
2andi, i € {3,..,d}, all elements u;,, i € {3, ...,d} are turned into 0. It must be noted that by
multiplying by the matrices Ul.(z), first column remains unchanged because neither Ui(z) acts

on the first row. Therefore the 0 values obtained at the previous step are preserved:
u® u®
0=1uy,; ——0x,, + 0x;;, =0 and 0 =u;; — 0x;, + Ox;;
After multiplying to the left with the second set of matrices, the product gives:

1 0 0 . 0 . 0 1
0 1 0 0 0

(2 (2) ;1) €3] 00 ¥a u”3j W
2 2 1 1 . . . . . . .
v® . vPu®, vy = A :

0 0 u i3 e u ij Uiy

0 0 u”d3 u”dj u”dd_

This procedure is repeated in a similar way, at each step the set of matrices required for
annulling the respective column is smaller and smaller, and the already annulled columns
remain unchanged.
|
So, the total number of unitary matrices of order d and level 2 required for factoring a unitary
matrix of order d is therefore at most:

d(d—1)

nmg<d-1)+d-2)+-+1= z

Hence, because the matrix associated to an operator of a quantum circuit on n qubits has
order d = 2™, this matrix will be decomposed using an exponential number of unitary level 2
matrices: 2"~1(2" — 1). But, for some special matrices it is possible to find more efficient
decompositions.

Yet, it is very important to prove that there are unitary matrices U of order d that cannot be
decomposed into a product of unitary level 2 matrices containing less than d — 1 terms.
Therefore, by using this type of level 2 decomposition, some circuits can be implemented
efficiently, by using a polynomial number of gates corresponding to those level 2 matrices,
but there are also are circuits which require an exponential number of gates.

This observation can be proved by contradiction. Suppose 3 d > 1 such that any unitary
matrix of order d can be decomposed in U = U, U, ...U,_,, where U; are unitary matrices of
level 2. But Vd > 1 there is at least one unitary matrix U of order d that doesn’t contain any
0 element on at least one of its columns. If for this matrix, there was a level 2 decomposition,
then it would result that, considering only the column k that doesn’t have any 0 element,

uy #0,vie{l,..,d}
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rU1k 07
Uz 0
ukk = U1U2 Ud—Z 1
LU g LO

In order for a unitary, level 2 matrix U; to have any effect in the above product, it must
necessarily act on at least one line that was modified before by one of the matrices U; where
j > i. So, the number of affected lines by the U, U, ... U;_, product is at most d — 2. But
because the initial column (on which U,;_, acts) contains d — 1 elements which are 0, it
means that the resulted column contains at least a 0 element, which is in contradiction with a
supposition above.

6.2.3. Implementing unitary matrices of level 2

Considering a unitary matrix U of order d = 2™ and level 2, the problem is to implement this
matrix using a quantum circuit on n qubits.
Considering the computational basis states |b') with i € {1, ..., d}, any vector can be
decomposed as: [v) = Y& (b'|v)|bY). If the matrix U;; acts only on the components i and j,
it will affect only the vectors from the sub-space generated by the two vectors|bl) =
|bib} ...bL) and |b7) = |b/b] ...b]), where b}, € {0,1},k € {1,2,...,n} and b/ € {0,1},1 €
{1,2,. n} So, the effect of the sub circuit implementing U;; has to be:
(169 =5 uylph) A (16 —L Uy |65) A (Ve € (1,2, d} = (i} = 169 —> b))
The required circuit is built in 4 major steps:
Step 1. Build the set of Grey codes that connects bibs ... b and b/bJ ...b): {g?, ... g™},
where g%, k € {1, 2, ..., m} are binary numbers on n bits such that

g* =btand g™ = b/ and Vk € {1,2,..,m — 1},3l, € {1,2,...,m} = gk @ g**! = 2!,
This means the binary numbers g* and g*** differ only by exactly one bit. So,

19%) = |9t 95 - gL.-19L.9t 1 - GR_19%) = |g*Y) = |g¥ g5 .. gl 19F 9l i1 - GF—195)
Step 2. For each k € {1, 2, ..., m — 2}, build a controlled circuit on n qubits that swaps only

: : 0 :
the computational basis states | g*) — 5 |g**1), preserving all the others unchanged.

The effect of this circuit is:

. c (X)), c1(x), c X)), _ B C (X)) B
|b%) = 1g%) = |g?) 3 " |gm) ———— 5 | g™
(X,

g%y —— 1g")

c" (X)),

1g%) ——19%)
o T,
lg" ) ———1g™?)
Step 3. From the original matrix U;; of order d and level 2, build the matrix UU, of order 2.

S SR A IR
Uij =1: * : ‘. : ‘. : UU = u'ji u]]]

0 uji u” 0

0 0 0 1




Serially add to the end of the circuit obtained above, another circuit composed of a controlled
gate C"‘l(ﬁij)l . Gate ﬁij acts on the qubit [,,,_;, which corresponds to the bit that
m-—1

differentiates g™~ and g™, and it is controlled by the other n — 1 qubits, which are the same
in g™ 1 and g™. Note that:

lg™) = |b/) = |b]b] ...b{;n_l_lb{;_lb{;_lﬂ ..b)_ b))
lg™ 1) = [b/b] ...b{;n_l_lb{;n_lb{;n_lﬂ bl _ b))
So, the effect of the circuit is therefore:
e (Uy),, o , I . . :
lg™ ") = [b))|b3) ... |b],_,_1)Ti; ’bz]m_1> bl +1) - |baoid|br) = Uijlg™ ™)
: my S s iy 7 b Mp) TN -
|b]) = |g ) |b1>|b2) |blm_1—1>Uij|blm_1>|blm_1+1> |bn—1)|bn) = Uijlbj>

Step 4. To the circuit obtained in the previous steps, add the reverse of the sub-circuit built at
Step 2, which is composed of the same gates in the reverse order (because it contains only
C™ 1(X) gates). The only effect of this circuit is:

Cn_l(X)lm_z Cn_l(X)lm_g Cn_l(X)lz Cn_l(X)ll

lg™ ") g™ %) lg%) lg*) = |b)
M X) gy, _
™) —— = g™ ™)
C" Xy, _
lg™3) = |g™?)
. ‘C"_l(X)z
|pY) = 1g*) —— 1g?)
In the end, the final circuit, after the four steps above has the desired effect:
i 1 Step 2 m-1 Step 3 m-1 Step 4 i
b)) = |g) ——— |g™ 1) ——— Uyjlg™ ™ty ———— Uy;|bY)
Step 2 Step 3 Step 4
l9%) — lg") — lg") — lg%)
ep ep ep
1g%) l9%) lg%) 1g*)
_ Step 2 _ St-ep 3 _ Step 4 _
g ) ——— g™ ) —— g™ ) ——— g™ )
, Step 2 . Step 3 , Step 4 ,
|b7) = |g™) |b7) U;j|p7y —— U;|b7)

6.2.4. Complexity evaluation

The maximum number of gates required for implementing a unitary matrix of 2" and level 2
is:

cost(Uij) =(n- 1)cost(C"‘1(X)) + cost (C"‘l(Uij)) +(n— 1)cost(C"‘1(X))
As shown before, C™(U) can be implemented using only one qubit gates and CNOT gates,
the required number of gates being cost(C”(U)) = 0(n?). Therefore, U;; can be also
implemented using only one qubit gates and CNOT gates, the number of required gates
being:

cost(U;;) = (n—1)0(n?) + 0(n?) + (n — 1)0(n?) = 0(n®)
Next, because a generic operator U on n qubits can be decomposed in a product of level 2
matrices, with at most 2"~1(2" — 1) factors, it follows that U can be implemented using only
one qubit gates and CNOT gates, the total number of gates being:
cost(U) = 2" 1(2" — 1)0(n®) = 0(n34")
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It is obvious that this construction is not the most efficient one in all the cases, as it contains
an exponential number of gates. For this reason, finding efficient quantum algorithms for
specific problems requires a different kind of construction for the implementing circuit.

|

6.3. Discrete sets of universal quantum gates

In order to use the quantum computing model in practice, a few problems must be solved
first. Most important, especially because the processes at quantum level are extremely
susceptible to noisy interferences, the model must provide for fault-tolerant implementations.
Therefore, it is mandatory that the unitary operators (which are used for modeling quantum
computations) are proved to have implementations that are based only on fault tolerant
quantum gates. There are several well-established results on the universality of quantum
bases, which rest primarily on using a non-elementary gate, i.e. a gate that performs a single
qubit rotation by an irrational multiple of 2x. However, a direct, fault tolerant realization of
such gate is not really possible, therefore they can’t be easily used in noisy quantum
environments.

There are quantum codes that can be used to show that a small sub-set of elementary quantum
gates: Hadamard, phase, CNOT, called the normalizer group, can be implemented in a fault-
tolerant manner. But this set of gates it is not enough for universality as it doesn’t spawn the
whole set of unitary operators. This fact led to the suggestion of adding of a new elementary
gate to the normalizer group: Toffoli, a gate which can be also implemented fault-tolerantly.
But a direct proof of the universality of the new set was not provided.

There are some indirect proofs which follow an indirect approach by demonstrating the direct
equivalence between the Shor’s basis and other universal bases. That is, these bases provide
simple and accurate circuits that implement the operators in Shor’s basis. There are also other
categories of bases which were proved to not be directly equivalent to Shor’s basis; that is,
they can only be approximated by gates in the Shor’s basis, and not implemented exactly.

6.3.1. Basic circuit for the non-elementary rotation

The quantum circuit below implements a basic rotation operator, around the z axis, with a
specific angle: R,(68), where cos 8 = 3/5. This angle & was chosen so that it is an irrational
multiple of 2. To prove the circuit, we use the definitions of the gates involved: Hadamard,
phase and Toffoli.

Hadamard

|00%) —>§(|00) +101) + [10) + [11)]y)

Toffoli 1
—— 5 [(100) + [01) + [10))[) + [11)X [1))]

ase 1
L’E [(100) +01) + [10))S|) + [11)SX )]

Toffoli 1
—— 5 [(100) + [01) + [10))S[h) + [11)XSX )]

Hadamard

—————[100)(3S + XSX)ih) + (101) + [10) — [11))(S — XSX)[)]
Considering the following identities for quantum gates:
35 + XX = V10e'R,(6), where cos =>

S—XSX=(Q1-)Z=1-1i)S?
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The circuit state just before the measurements are performed becomes then:

— 2 eI00)R,(0) + 7 (101) + 110) = [1)571y)

0V Hlo—— o1 H

|0) H —¢———9— H

i
KﬁMz

@
RAcos1(3/5)) 1)
%) oH s KD o

The above circuit implements the elementary rotation operator with probability Py = 5/8.

6.3.2. Circuit for the elementary rotation, with unitary probability

The quantum circuit above applies the R,(6) operation to the target qubit if the measurement
outcomes on the control qubits are both 0. Otherwise, if at least one measurement returns 1,
the target qubit will be left unchanged, in the same state. This decision is implemented by the
classic OR gate at the end, which takes as input the classic bits from the measurement and
then controls the application of the final quantum gate S = Z. The probabilities of these four
different outcomes, given by the two control qubits, can be easily calculated as following:
2
10 ;= 5

P=—4 _
00 49 3

/12

1-i 1
Py = Py =P =|—| ==
01 10 11 2 3

As the above equations indicate, the probability of the circuit to actually apply the desired
rotation operator is much higher than the probability of performing a no-op. Still, it is
possible to improve this probability, in order to make it approach 1, by successively applying
the very same quantum circuit “C” until the rotation operation is performed. This process is
schematically presented in the next figure.

M=200 M=00 M#00
|0y — JJ |0) — J |0
0)— ¢ 0)— ¢ 10— ¢
) — -—-

R{cos(3/5))|¥)

The above circuit implements the elementary rotation operator with a probability that
approaches 1. The process runs as follows: if, at the current step, the measurement outcome
on at least one control qubit is 1, then apply the circuit again, by using two new control qubits
set to |0) and the same target qubit as returned by the circuit. Else, if at any step n the
measurement outcomes on the control qubits are both 0, then the target qubit has been
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transformed with R.(8), and the process stops. The probability for the process to stop at step
n is therefore:

_ 5 an_1 (3\X
P(n) = Pyol 112:3(1)01 + Py + P11)k] =3 Z:é (g)

This is because in all the previous steps (1..n-1) the measurement outcome was either [01) or
|10) or |11), and at the current step (n) the measurement outcome was |00). And it can be
easily observed that the sum above is the sum of a geometrical series, therefore as n raises,
the probability P(n) approaches 1:

, 5 1

1-3

6.3.3. Approximating unitary operators

Since the set of unitary operations is continuous, it is clear that a discrete set of gates is not
sufficient to implement an arbitrary unitary operation. Rather, a discrete set can be used to
only approximate any unitary operation. Considering U and V are two unitary operators on
the same state space, U being the required target operator and V being the operator that is
actually implemented, the error in approximation is defined by:

EU,V) = I?II%XII(U - Y

This definition guarantees that if the respective error is small, then a measurement performed
on the actually implemented operator, using any initial state and any measurement operator,
gives similar statistics as if the same measurement were to be performed on the required
target operator. Furthermore, if a sequence of gates is used to approximate another sequence

of gates, the errors add up at most linearly:
m

E(UpUp-q U, VipVi_q o Vy) < Z E(U,V))

J=1

6.3.4. Approximating the rotation operator

With respect to the two above relations, if the operators involved are rotation operators, the
error can be expressed in terms of the rotation angles. In the equalities below, z axis can be
replaced by any arbitrary axis.

E(R,(a),R,(a+B)) = rrlxlg)xll(sz) — R, (a+ )Y
= %x(<¢|(Rz(—a) —R,(—a—B))(R.(a) — R, (a + B))|¥))
- (2t . = R ) = (- o))
=2 (1 — cos g) r?ll%x(<¢lll¢>) =2 (1 — cos g)

This relation can be generalized to approximations by successive identical rotations:
((n9)mod27r) -«
E(R,(a),R,(0)™) =2(1—cos

2
The pigeonhole principle implies that if 8 is an irrational multiple of 27, then, for any « and

any desired accuracy § > 0 it is possible to find n, such that ((ne)modZn) —a < 4. But, as

the angle ((ne)modZn) tends to approach a, in the same time cosw tends to

approach 1. And as a consequence, E(R,(a), R,(6)™) in the equation above tends to
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approach 0. In conclusion, for any a and any desired accuracy € > 0, there is a number n,
depending on both a and the desired accuracy, such as:

E(R,(@), R, (0)"e) <

Now, it can be shown that the discrete set of quantum gates formed by the normalizer group,
plus the Toffoli gate is universal for quantum computation; that is an arbitrary unitary
operation on d qubits can be approximated to an arbitrary accuracy using a circuit composed
only from these gates. The circuit obtained will most likely have to be applied several times,
the number of applications being direct proportional with the desired accuracy in the
approximation. Firstly, because Pauli operators satisfy HZH = X, any single qubit unitary
operation can be factored into a product of rotations around z axis and Hadamard operators:
U= R,(0)R(B)R,(¥) = R,(a)HR,(F)HR,(y)
Then, from the last two equations, it follows that the circuit above, together with two more
Hadamard gates, can be used to successfully approximate any single qubit unitary operation:

€
E(U, R,(8)"<HR, ()" HR,(6)™) <35+ 2E(H,H) = ¢

Furthermore, because any unitary operator on d qubits can be factored into a product of two-
level unitary operators on d qubits, and because these two-level unitary operators on d qubits
can in turn be exactly (i.e. no approximation needed) implemented using only single qubit
gates and CNOT gates, this implies that any unitary operator on d qubits can be
approximately implemented, with arbitrary accuracy e, using only Hadamard, phase, CNOT
and Toffoli gates, i.e. the gates from Shor’s basis.

Performance considerations

The direct proof provided for the universality of the Shor basis raises a few questions
regarding the efficiency of the quantum circuit models and the amount of computing
resources required to approximate unitary operations. Unfortunately it is not possible to
approximate generic unitary operators on d qubits using a circuit of size polynomial in d. Yet,
the search for universal fault-tolerant bases must always consider the efficiency aspect.
Although most of the unitary transformations can only be implemented by approximation
very inefficiently, that is the number of fault-tolerant gates is exponential in the number of
qubits of the operator, it may be possible that some universal bases are more efficient than
others to approximate some specific set of unitary operators.
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7. The Fourier Transform

A quantum computer can factor natural numbers in polynomial time, more precisely by
performing only 0(n? log nloglogn) operations, with any desired accuracy. This represents
an exponential gain compared to the known classical algorithms. The question that comes
naturally next is: what kinds of other algorithms could be exponentially improved by the
quantum computing paradigm?
One of the key ingredients suggesting an answer to this question is the quantum Fourier
transform, which is used also in natural numbers factorization, but also in many other
interesting problems. The quantum Fourier transformation is a quantum algorithm that
computes the Fourier transform on the set of amplitudes describing quantum mechanics
states. By itself, this algorithm doesn’t bring any worthy efficiency improvement with respect
to computing the Fourier transform on classical data sets. But this algorithm provides an
efficient phase estimation that is a more efficient way of approximating the singular values of
a unitary operator in given specific circumstances.
The phase estimation algorithm can be used in solving other problems:

- factoring natural numbers

- finding the order of an element in a finite group

- counting the solutions of a search problem; this is achieved by combining it with the
quantum search algorithm
Additionally, QFT can be used for solving other problems, which are considered to be
intractable on classical computers:

- hidden subgroups

- discrete logarithm

7.1. Quantum Fourier Transform (QFT)

One of the most used ways of solving a hard computing problem is to transform it into
another problem that can be easier solved, or that already has been solved. So, this kind of
transformations became a field of study by themselves. A very important discovery for
guantum computing was that one of such transformations can be more efficiently
implemented, compared with the classical implementation. This opened the door for finding
efficient solutions to a whole class of problems that are based on the respective
transformation.

This transformation was the Fourier transformation, together with its more relevant variant
for digital computing — discrete Fourier transformation (DFT) [35]. Using usual mathematical
notations, DFT transforms a vector of complex numbers x, x; ... xy_; into another vector of
complex numbers yo, y; ... Yn—1, With the same dimension:

N-1
1 Z 2mijk
= — xje N
Yk JN & j
QFT is similar with the definition above, but its data and significance is a bit different [32].
QFT is by definition a unitary linear operator on a vector space of dimension N that

transforms the set of orthonormal vectors in the computational basis state |0), [1), ..., [N — 1)
according to the relation:

gFr 1 & 2nijk
S Al
k=0

The set of obtained vectors is still orthonormal.
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N-1
1 —2mi m 1 mi(l—j)
) () -,

k=0 : k=0
11— eLLI(V Dy 11— e2mil-J)
2mi(l—j) 27Tl(l N
N 1—e N N 1—e

Any vector |x) from the respective space can be also transformed by QFT as:

N-1
=D 5l = Iy) = Z elk)
j=0
where the set of complex numbers y,, is the DFT of the set X;.

N-1

) = Zx,m —

= Zyk|k> =1y

k=0
Because QFT is a unitary operator [38], it can be implemented by a quantum circuit. In order
to achieve this, a more refined version of the transformation formula is needed. For this
assume:

- N = 2", where n is a natural number

- the set of orthonormal vectors |0), |1), ..., |2™ — 1) that constitute a basis in the vector
space where QFT is defined, is also the computational basis state for a quantum circuit
on n qubits.

For each vector |k) in computational basis state, represent it in binary format k = k. k, ... k,,,
k, € {0,1}:

ko= k200 4 k22 4o 4 K 20 = Z e, 2n!

=1
Then QFT becomes:
1 2"-1 1 1 1 1
FT om R, _
) =L, Z e2mik2 ™ |1y = Z Z Z (222 ey ey . e
22 =0 22 k20 k,=0  kp=0
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1 1 1 1 n 1 n 1
L35S (e < 5T o) -
22 22

k1=0ky=0 kn=0 \Il=1 I=1 \k;=0
n
1 o
== | | (100 +ex2 1))
2273
1 o o A
= — (10) + 227 |1)) (0) + e27527°|1)) ... (|0) + e2™27"|1))
22

Where by writing j in the binary format and because [ € {1,2 ...n}:

.. _l . _l . —_ . _ .
e2mij2™t — p2miz (12" 14,27 24 4 j 20)

— 2mij12" T p2mijp 2" 2mijn o2t p2mijn-120 p2mijn_14127" | g2mijn27!
— e2Mijn-1+127" _ p2mijn27t — p2mi(jn-14127 M +jn-1422 24+ jn27)

So, for each vector |j) = |j,J, ... jn) from the computational basis state, QFT on each qubit

now becomes:

ofrr 1 o
1) — 5(|o> + e2mn27"| 1))

ofFr 1 . 1 oo
lj2) = 7 (10) + e2niUn-12 42 1))

V2

orr 1 P - —ne1
lin1) —— — (]0) + 202277 +=+/n27" 1) 1)
V2

) =2, x/_li (10) + 272 4227 4t jna 27" 427 | 1))

7.2. Implementing the quantum Fourier transform

Starting from the equations above, the circuit for implementation QFT is built using
Hadamard gates and controlled gates on one qubit S;, where this unitary operator of phase
transformation is defined as:
! 0
Si = [0 p2mi2™!
The effect of the operator S; on one qubit is:
W) = al0) + b|1) —> al0) + be? 2 |1)
Whereas the controlled operator C1(S,), with the control qubit in the computational basis
state |j;), acts as:
ct(sp

i) = 1) (alo) + bI1)) — 1jr} (al0) + be?™iiz™|1))
The Hadamard acts according to:

H 1
10)——=(10) + 1)) )
\/E |]l)i>_2(|0> + eZnij12—1|1))

H i B 2
|1)—>ﬁ(l0> 1)

The circuit for implementing QFT is:
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)y — HH S —— ———— S S -——-

ljz) Hi— S — | =1 " Spz2 Spz— ——-

n-1) -—- HH S

i) —— H

Adding the swapping gates at the circuit exit is actually optional because reading the result
could be done in the reverse order.

For verifying the circuit above, the gates are applied in sequential order. In reality, the gates
act in parallel where possible.

H 1 o
o - jn) —>—(|o> + e 27 1)) |y )
c1(sy) e o s o
—27(|o> + e2mila2 41227 1)) |, .. ji)
. Cl(Sn—1) 1 omi(i2=147,2-2 i o-m-1 ; ]
—>ﬁ(|0)+e mi(j127 42 a2 1))y )

cisp) 1 (i o=l i 5= ; -n-1,;: 5,-n
—>T(|0) + e2ml(n 27 0227 b 4 nea 22T 1)) |y ) = (QFT )z i)

2 (QFT1j)) —= (|0)+ez’”]22 )13 o)

D QT ﬁ(m) + 27022747227 1)) |z .. jin)
C*(Sn-1) (QFlen»%(lO) + eZni(j22‘1+j32'2+~~~+]'n2_”_1)|1))|j3 ]n)
= (QFT1ju ) (QFT i Dljz - jin)

(QFT1ju)) (QFT|jn_1)) - (QFT1js)) in-sip)
H o
A QFT1j)) (QFT jnr)) - (QFTIja))—(I0)+eZ"”“—12 1))

) QFT1)(QFTljnr)) o (QFTjs)) —= (|o> + e2m(in-127 2 1)) )

) = (QFTju)) (QFT|jp-1)) - (QFles)l)(QFlez))Ijn)
= (QFTUa)) (QFTljn-1)) . (QFTljsD(QFTIj2)) 7= (10) + e27m27"|1))

= (QFT1jn)) (QFTljn-1)) ... (QFTjs)) (QFTIj,)) (QFT1j1))
Swap(jn_l’jz)wFTul»(QFTUn_l)) - (QFTj3) (QFT1j,) (QFTji,))
————— (QFT1j1) (QFT1j2)) (QFT|jn=2)) - (QFT|jz) (QF T |j—1 D (QFT|jin))

Swap(jn.j1)
_—

”:gwap(jlﬂj’j[ﬂlﬂ)

(QFT|jsD(QFT|j2)) - (QFT|jn—1))(QFT|jn)) = QFT|j1jz .. jn)
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7.3. Complexity evaluation

For computing the number of gates used, start from the first qubit: one Hadamard gate
followed by n — 1 controlled gates S, ... S,,; so in total n gates. Acting on the second qubit,
there were one Hadamard gate and n — 2 controlled gates S, ... S,,_;; in total n — 1 gates.
The counting progresses in a similar way until the end, on the last qubit acting just 1

Hadamard gate. Then, the circuit contains BJ swapping gates. The number of used gates is
therefore:

C(QFT(n))=n+(n—1)+---+2+1+[§]=“(”T“)+Ejs"7z+n.

The complexity of the QFT implementation is therefore O (n;) This is an exponential

improvement compared to the classical algorithm for Fast Fourier Transform, which has
complexity: 0(n2™).

At a first glance, it would look as a bunch of applications that use FFT, like signal
processing, speech recognition, etc., could also benefit from an exponential improvement.
Unfortunately there is no known way to make these applications use of QFT, the main
problem being that the amplitudes of the signals can’t be directly accessed via measurements
in the quantum computer. So, applying the Fourier transform on the amplitudes cannot be
determined as efficiently. To make things worse, there is no known efficient way of
preparing the original quantum state. So, finding ways of practically using the QFT
improvements is more subtle than it looks [52].

The good news is that the construction of the quantum circuit that implements QFT doesn’t
require exponential precision on the implementation of the gates contained within. For
example, considering U as the ideal QFT on n qubits and V' as the real one that results if the

controlled gates C1(S,) are built with limited polynomial precision A= ﬁ, then, the total

n2

error, defined as E(U, V) = maxy|[(U — V)[)|| is a function © (p(n)). Such polynomial

precision in implementation of each gate is sufficient for guarantying a polynomial accuracy
of the entire circuit [17].
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8. Phase estimation
8.1. Quantum procedure for phase estimation

Considering a unitary operator U that has a singular vector |u) with the corresponding
singular value e?™:
Ulu) = e*™®|u)
The problem is to estimate the unknown phase, a sub-unitary real number [53].
For the estimation consider two types black boxes (oracles):

- ones capable to prepare the state represented by singular vector |u)

- ones that are capable of implementing controlled operations C (Uzj), foranyj € N

The implementation uses two quantum registers. The first one is a control register with ¢
qubits initially in the computational basis state |0). Number t is chosen depending on:

- number of decimals required to approximate phase ¢, i.e. the number of bits used for
reading the result
- the probability with which the algorithm returns the correct result, i.e. the number ¢

The second register, the data register, has a number of qubits determined by the dimension of
the vector space and initially is in the singular state |u).

8.2. Quantum circuit for phase estimation

The algorithm comprises four principal phases [54]:

- apply Hadamard operators on the control qubits

- apply the black boxes on the data qubits

- apply inverse QFT on the control qubits

- read the result by performing a measurement in the computational basis state on the
control qubits.

lu) U; lu)

The circuit for the first two phases is presented below, where U; = u?:
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10y — H _—

10y — H _—

0y— # -

10y — H E—

luz) — : — - : — luz)
Uy . U; . . . Uz . Usyg :

(I7M) . 1)

Because |u) is a singular vector for operator U, the state of the data register remains
practically unchanged. For the control register, the qubit with order j,j € {1 ...t} is
transformed as:

e (v

10), 1) —s == (10) + [ 1)) ————= (10) + 272 o 1)) ju)
j V2 V2

So, the state of the control register is:

1 b b . .
—(10) + 2272 | 1)) (]0) + €2™27°2|1)) ... (|0) + e272'2[1))(]0) + €2712°¢|1))
22
1 2t-1
— — ekaank)
22 k=0
Intuitively, it is assumed the desired phase is represented exactly by a binary fraction

¢ = %Zfﬂ @211, with @, € {0, 1}, the equation above becomes QFT:

1 Lo . - - . - -
— (|O) + @2mip:2 1|1>)(|0) + eZm(<pt_12 1igs2 z)ll)) (lo) + eZm(<p12 Tiotp2 t)|1>)
22
Therefore, by applying the reverse QFT, one gets exactly the computational basis state
corresponding to the desired phase: |@, ¢, ... ;). And performing a measurement in the
computational basis state will return exactly (i.e. with probability 1) the value ¢.
In reality, if ¢ is a real number, the algorithm returns an approximation:

2t-1
1 ) et
—( > el | ) — Iy
22 \ k=0

where |@) is a state that by measurement gives a good estimation of the phase ¢.

8.3. Performance evaluation

In the ideal case considered above, it was considered that the desired phase ¢ can be
represented exactly on t bits. In the generic case, a real number can only be represented on a
number of fixed bits by using an error margin. And the algorithm for phase estimation
produces a good approximation, with high probability, of the real value in this generic case.
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Define b as the best maximal integer approximation of ¢ on t bits. So, b is an integer such
that b/2" is the best approximation of ¢:

. 1 b
0<h<2t-1, e S5 S®
By defining the error in approximation as § = ¢ — b/2¢, it satisfies:
1
0<6< 5t

It is proved that the algorithm for phase estimation produces a small § with high probability.
For obtaining ¢ aproximatted on n bits with a probability of success of at least 1 — ¢, the
circuit needs a number of qubits equal to:

=+ [log (2 +2)]

8.4. Quantum algorithm for phase estimation

Algorithm: Quantum phase estimation
Input:

1. A black box that implements C*(U7), for any j integer
2. A quantum registeront = n + [log (2 + 2—18)] qubits initialized to |0)
3. A quantum register prepared in state |u), a singular state of U, with corresponding
singular value e?™¥u
Output:

1. Integer on n bits @,,, an approximation on n bits of ¢,,

Running time:

1. 0(t?) unitary operations and one call to each C*(U”) black box.
2. The probability of obtaining the correct answer is at least 1 — «.

Procedure:
1.|0)|u) initial state
2t—1
1 - .
2.—— z |k)|u) building superposition
22 k=0
1 2t—1
3.—— ) |k)U¥|u) application of black boxes
22 k=0
1 2t—1
4—>— Z e2TkP | k) |1) result after applying black boxes
22 k=0
5.— | @) u) applying QFT
6.— Py, measurement of the control register
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9. Applications for quantum algorithms
9.1. Order finding and factorization

The procedure for phase estimation can be used for solving two concrete problems: order
finding and numbers factorization. Actually these two problems are algorithmically
equivalent. These algorithms are important for at least three reasons:

1. The most important, they represent the uncontestable proof that quantum computers
are intrinsically more efficient in solving some problems, and therefore they are used
to challenge the strong variant of the Church-Turing conjecture.

2. They are both theoretically and practically valuable. This encourages the search for
other algorithms that could bring the same benefits.

3. Purely from a practical perspective, they could be used, as soon as they are physically
implemented, to challenge some cryptographic systems based on public keys.

9.2. Order finding

The problem is formulated in the numbers theory as: for positive integer numbers x < N that
are co-prime, i.e. gcd(x, N) = 1, the order of x modulo N is defined as the smallest positive
integer r, such that x” = 1(mod N). In number theory, this number is proved to exist and
r < N. The problem can be more generically expressed in the language of cyclic finite
groups.
This problem is believed to be difficult to resolve on classical computers, i.e. there is no
known classical algorithm for solving this using polynomial resources O (L), where L is the
number of bits necessary to store the input, L = [log,(N)].
At an abstract layer, the quantum algorithm for solving this problem is actually the algorithm
for phase estimation, applied to operator U that replaces the black box:
{Uly) = |xy(mod N)) Vy €{0,1}%, 0<y<N-1
Uly) = ly) vye{0,1};, N<y<2l-1
Because x and N are co-prime it follows that:
Ix7'eN, x'<N, xx'=x"1x =1(modN)
And therefore the operator defined above is unitary, with its adjoint operator being:
{U+|y> = |x"'y(modN)) Vvye{0,1}}, 0<y<N-1
Utly) = |y) vye{0,1}, N<y<2l-1
The algorithm for phase estimation also requires a singular state for the respective operator.
The s singular states for the operator defined above are:

1 = —2misk
|us)E—z [e T |xk(modN))] VseN, 0<s<r-1
\/szo

because:

—Zm'skl

r—1 —2mis r—1
Ulug) = \/i?;) [eszlek(mod N))] = \%; [e T

1 = —2mis(k+1) 2mis
=—Z [e r e r |x*¥(mod N))]
\/;k=0

x**1(mod N))]
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r—1

:e@i{Z[ = S|xk(modN))]_€ o x0(mod M)+ ¢ |7 (mod N))

Vr
S 1 Z[ 5 — 7 |x¥(mod N))] = ez%isluﬁ

271'1.5

So, to each singular state |uy), its singular value is e r .
For applying the quantum phase estimation algorithm, it is also needed to:

1. find an efficient procedure for implementing Cl(UZj), for any integer j.
2. find an efficient way of preparing singular state |ug), with non-trivial singular value,
or a superposition of such singular states.

If these conditions are satisfied, the order r can be computed as r = (%.

N
The first condition can be satisfied by considering a procedure known as modular

exponentiation, which can implement the entire sequence of controlled operators Cl(UZj)
called in the procedure for quantum phase estimation, by using 0(L*) gates.
The first part from the algorithm for phase estimation computes the transformation:

|2)|y) — |2) U2 T a2t g2t ym?’|y)
= |z)|x 22 x 7127 | x722 x 712y (mod N))
= |z)|x?y(mod N))
For achieving this, three major steps are required:

1.1. reversible compute function f(z) = x*(mod N) into a third register
1.2. reversible multiply modulo N this third register with the second register y
1.3. to keep the entire step reversible, bring the third register to its initial state

The first step can be further divided in smaller steps:

1.1.1. sequentially compute values x2(mod N), x2*(mod N),...

x? (mod N),... 2" (mod N), by successively squaring
1.1.2. apply successive multiplications according to the binary representation of z:
x%(mod N) = (x%2" (mod N))(x7-12"* (mod N)) ... (x*22° (mod N))

For evaluating the complexity of modular exponentiation, note that the third step is the
reverse of the first one. Considering the multiplication modulo N is done with the classical
algorithm of complexity 0(L?), there is a total polynomial complexity [18]:
cost(1.1.) + cost(1.2.) + cost(1.3.) = 2cost(1.1.) + cost(1.2.) =
= 2cost(1.1.1.) + 2cost(1.1.2.) + cost(1.2.) + cost(1.3.)
=2(t— 103 + 2(t — 1)0(L?) + 0(tL) = 0(tL?)

For satisfying the second condition, note that the definition of |u,) can’t be used for

computing it, because this would require knowing r. But it is possible to use a superposition
of singular states:
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1 S 2misk
_Z Ze 7 | |2 (mod N))
rk=0

s=0

k=0 \s=0

%le = %%Z (kz [ 1 mod N))]) =% (2 [ 1 mod N))])

—-2mik
The interior sum is a geometrical progression with rate e™ =

—emisk  1—e 7 (0, 1<k<r-—1
Z e r = —2nik {r, k=0
5=0 1—e r

So, the superposition becomes, which is very easy to prepare into the data register:

r—1
1
\/_FSZOWS) = |1)

In the control register, it is necessarytouse t = 2L + 1 + [log (2 + 2—18)] qubits. With this
data, the algorithm for phase estimation is applied for each 0 < s < r — 1, obtaining an
approximation ¢g = % with an accuracy of 2L + 1 bits and the probability of at least ?
Schematically, the entire quantum circuit is represented as.

10) e LY QFT? ﬁ%:. p

1) —4—— x/mod N lu)

9.2.1. Result interpretation from the quantum phase estimation algorithm

The reduction of the order finding problem to the problem of the phase estimation is
complete only if it is possible to efficiently obtain the desired result r, from the result

returned by the algorithm of quantum phase estimation: ¢ = ; This result is returned as a

number on 2L + 1 bits. It is very important to note that it is a priori known that this is a
rational number. So, if it is possible to compute this fraction, the closest to ¢, it would be
then possible to find the desired result .

Remarkably, such a polynomial algorithm for computing the closest fraction is known:
continued fractions algorithm. Its base idea uses the representation of real numbers as

continued fractions:

1
[0, ., au] = g + -

a, + 1

+@

where a, ..., ay, are all positive integers, with a, being allowed to be 0 so that sub-unitary
numbers are also represented. The complexity of this algorithm is polynomial: if x,y are
represented on L bits, the algorithm performs 0 (L) divisions each division with 0 (L?)
operations. So, it totals O (L*) operations.
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Formally, the continued fractions algorithm is defined by the following theorem which can be
proved by induction:

Theorem: Let ay, ..., a, a sequence of positive numbers. Then [ay, ..., a,] = Z—“, where p,, and
qy, are positive integers defined recursively as:
{Po = Qo p1 =1+ aopay, pp = auPn-1+ Pn-2
o =1, 41 = a1, qn = Anqn-1 1t qn—2

Corollary: g,pn—1 — Pnqn-1 = (1) forn = 1 and gcd(p,, g,,) = 1.

For being able to apply the continued fractions algorithm, it is important to note the following
theorem:

Theorem: If S and x are rational numbers where |§ - x| < %, then S is a convergent from

x’s continued fraction.
Because, according to the phase estimation algorithm, the result after the final measurement
@ is an approximation of number f with an accuracy of 2L + 1 bits, it results that

s 1 1 1

-0l = e 7 <

r 22L+1 7 2(2L)2 = 2p2
Therefore, % Is a convergent from ¢’s continued fraction. So, % can be computed in 0 (L?)
operations, by using the continued fractions algorithm.

9.2.2. The performance of the order finding algorithm

This is a probabilistic algorithm which could return a wrong result for two reasons:

1. The procedure for phase estimation could produce an erroneous approximation of f

This is mitigated by increasing the probability through the increase of the control
register.

2. Itis possible that s and r are not co-prime. In this case, r', the integer returned by the
continued fractions algorithm is only a factor of the desired r, instead of being r
itself.

Fortunately, there are three ways for avoiding or mitigating the second cause:

2.1. If define 7 (r) the number of prime numbers less than r: w(r) = ||{s, s <,

210;@ < m(r). And from this, if 0 < s < r is a random number, the

probability of s being prime is:

s prime}||, then

(r) 1 1
= >
2log(r)  2log(N)
So, by repeating the algorithm 2 log(N) = 2L time, there is a high chance to get s
prime, and hence s and r to be co-prime.
2.2. If the desired number r is not returned, and the algorithm returns ' instead, then ' is

p(sprim) =

a factor of r, if s # 0. But s = 0 has the probability% < % So, this case can be
mitigated by repeatedly running the algorithm a few times. So, if r’ factor of r was
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returned, one can substitute x « x’ = x” (mod N) and the order of the new x’ is %
because

(x')% = xr% = x" = 1(mod N)
This procedure may be necessary to be repeated at most log, () € O(L) steps.

2.3. The third modality is more efficient as it requires only a constant time. The idea is to
repeat twice both the procedure of phase estimation and the procedure for continued
fractions. So, the first run returns r; and s;, and the second returns r, and s. If s; and
S5 are co-prime, r can be computed in 0 (L?) using formula:

Ty
r=—082=112
ged(r,73)
The probability of s; and s; being co-prime:
T
plged(sisp=D=1- Y  plalsplals) =7
q=2, qprime
So, the probability of returning the desired order r is at least %

The time complexity is evaluated by considering each step in the algorithm. Hadamard
transformations require O (L) gates; QFT requires O(L?) gates. The biggest cost comes from
the modular exponentiation step: 0(L*) gates. The continued fractions algorithm adds other
0(L?) gates. So, the total complexity is O (L?) for obtaining . Using the third method (see
2.3 above) it may be required to run the whole procedure a few times to obtain r from r’,

Algorithm: Quantum order finding
Input:

(1) Black box U, y that implements transformation |z)|y) — |z)|x?y(mod N))
where x is co-prime co-prim to N, and is on L bits.

@ t=2L+1+ [mg (2 + zi)] qubits initialized to |0)
(3) L qubits initialized to |1).

Output:

The smallest integer r > 0 such that x™ = 1 (mod N)
Execution time:

0(L?) operations. Succeeds with probability 0(1).

Procedure:
1. |0)|1) Initial state
1 2t-1
2. —— Z 1) 1) Create superposition
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2t—1

1 )
3. —— Z |j)|x1(mod N))

r—12t-1 misj Apply operator U, y
=— ) Y et Pl
V122550 =0
1 r—1 _
S . .
4, —>—z ’—) |u) Apply inverse QFT on control register
Jr r
s=0
5. . Measurement on the control register
r
6. —T Apply the continued fractions algorithm

9.3. Applications: factoring natural numbers

Problem: given a positive number N, find its prime factors. This problem is actually
equivalent to the order finding problem, i.e. the algorithm for order finding can be efficiently
transformed into a factorization algorithm.

9.3.1. Steps for factorization

For reducing this to the order finding algorithm, there are two main steps:

1. A factor of N can be determined by finding a non-trivial solution x # +1(mod N) to
the equation x? = 1(mod N)
2. Prove that a random number y, co-prime with N is very likely to have an order r

which is an even number that satisfies yz # +1(mod N).

Then combine these steps by considering = yg(mod N) . These two steps are based on the
following two theorems.

Theorem: Let N integer. If 1 < x < N — 1 is an integer, a non-trivial solution of x? =
1(mod N), then either gcd(x — 1, N) or gcd(x + 1, N) is a non-trivial factor of N.

So, if N is on L bits, knowing x, one can obtain a non-trivial factor of N by performing the
0(L?3) steps from the Euclid’s algorithm.

Lemma: Consider p > 2 prime. Let 2¢ the biggest power of 2 that divides ¢ (p%). If x is a
random number in group Z,« = {x € ZLpe, cmmdc(x, p) = 1}, let 7 be its order. Then 2¢

divides r with probability of exactly %

Theorem: Let N = pfl ..py™ be the factoring of an odd number. If x is a random number in
Zy, using a uniform distribution, and if r is the order of x modulo N; then the probability

T
p(r = 2k A x2 # —1(mod N)) >1- 1
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9.3.2. The quantum factoring algorithm

Almost all the steps can be efficiently implemented also on a classical computer. The only
exception is the subroutine of order finding. By calling the algorithm repeatedly, all the
factors can be found.
Algorithm: Reducing factorization to order finding
Input:
Integer N
Output:
A non-trivial factor of N
Execution time:
0((log, N)3). Succeeds with probability 0(1).
Procedure:

=

if N even, return 2

foreach 2 < b < [log,N]|

2.1.if N = a?, return a
chooserandom1 <x <N -1
if f =gcd(x, N) > 1 then return f
call finding order r of x, modulo N

no

if r even and x # —1(mod N) then compute f; = gcd(,é —1,N) f, = gcd(,é +1,N)
if f; # 1return f;

if £, # 1 return f,

return error

© oo N Ok w

The first two steps return a factor or make sure N has at least two factors. They require 0(L*)
steps. The next two steps return a factor or a random number in Zj,, with complexity 0 (L?).
The last three steps apply the two theorems above to find a factor. They succeed with

probability at least %

These are the main applications with great practical applicability. But by using the quantum
Fourier transform a much larger set of problems can be addressed. The most general problem
that includes, as particular cases, all the applications exponentially efficient of the quantum
Fourier transform, is the hidden subgroup problem. Intuitively, this problem can be thought
of as a generalization of the problem of finding the period of a periodical function, when its
source and the target domains are very complicated. Using the algebraic language from the
groups’ theory, this problem can be expressed in a general way as [41]:

Let a function f defined on a group G finitely generated, taking values from a finite set X
such that f is constant on any coset defined by an unknown subgroup K, those constant
values being different. If there is a quantum black box that implements the unitary
transformation U|g)|h) = |g)|h @ f(g)), where g € G, h € X and @ is a binary operation
in X, carefully chosen; find a set that generates K.

9.4. Languages for quantum programming

Experimenting with known quantum algorithms and, even more, designing new ones is a
difficult enterprise if the proper programming languages and development tools are not in
place. Quantum circuits presented above are a great first step in presenting detailed aspects of
quantum algorithms. Furthermore, they can be easily mapped onto specific quantum
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computing hardware, after they are reduced to the respective set of elementary quantum
gates. But in order to implement more advanced quantum programs, a higher level of
abstraction is required.

9.4.1. Quantum programs

Lately, great progress has been made in abstracting away the quantum hardware by following
a path that resembles in many aspects the approach taken for classical computing, decades
ago. In classical terms, programming a computer basically means telling it the actions to
perform and the data to be used as input for those actions, in a language that the computer
understands. Therefore, leaving aside all the complexities related to specific computer
architectures and different flavors of paradigms for programming languages, a classical
computer program can be summarized as:

PROGRAM = DATA + INSTRUCTIONS

Here, data means all kinds of information that can be physically stored on the computer, or
communicated to another computer, and that can be manipulated by the instructions
statements. Usually, in its most basic form, data is represented by bits. The instructions are
composed of a basic set (for example, logical and arithmetic instructions) and a set of control
structures (such as conditionals, loops, jumps, etc.).

Things start to get more complicated as we consider a specific programming paradigm or
specific computer hardware architecture. For example, if one assumes the existence of an
instruction pointer, instructions become nothing more than a specific set of data.

This same basic scheme was extended to quantum programming world, by supplementing it
with the elements specific to quantum aspects:

QUANTUM PROGRAM = QUANTUM DATA +
QUANTUM OPERATIONS +
INSTRUCTIONS

In the conceptual relation above, a quantum computer running such quantum program is
assumed to be comprised of a quantum device, able to manipulate the quantum data —
represented as qubits which can be addressed, by performing a predefined set of quantum
operations, which come in two types:

- unitary operations, which transform quantum data by maintaining its quantum properties

- measurements, which inspect the quantum data and turns it into classical data

For practical implementations, the set of predefined unitary operations has to have the
following properties:

- be finite set, so that it can be implemented by physical hardware

- be an universal set, so that all the possible quantum programs can be created

- each operator acts on a finite Hilbert space

One example of such predefined set of unitary operators can be formed from the quantum
gates composing the Shor basis: Hadamard, phase, CNOT, Toffoli. Note that this predefined
set doesn’t necessarily need to be a minimal set, but their number will most likely be kept
low because of economical and practical considerations.

Then, this basic predefined set of unitary operators can be used to define increasingly
complicated unitary operators, in the same way quantum gates are composed together into
quantum circuits. Since for the time being all the known sets of operators which are both
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finite and universal can only approximate some more complicated quantum operators, it
follows that some operators won’t have a precise implementation, but only an approximate
one.

Measurements are usually considered to be performed using projection operators built
around the computational basis states. The outcomes of the measurements are expressed
therefore as classic bits, which can be read out from the quantum device.

9.4.2. Quantum programming languages

As in the classical case, the first level of abstraction used in programming is the assembler

language. And as for the classical case, the quantum computation model will also have to be

built around a specific architecture of the respective quantum machine. Yet, it is not

necessary to specify the underlying quantum hardware.

In the same way the classical assembler (and even higher level languages) are built around

abstract concepts such as stacks, heaps, etc., the quantum assembler must consider a set of

abstract concepts.

Quantum circuits

Quantum circuits were the first quantum computation model introduced. This model assumes

the following ingredients used in computation:

- aninput device that can prepare initial set of qubits, to start the computation

- afinite set of quantum gates, acting on a finite number of qubits, that are connected in
serial or in parallel, forming an directed acyclic graph — a quantum circuit

- ameasurement device that outputs a sequence of classical bits that can be read off. These
measurements can be always performed at the exit of the quantum circuit, after all the

gates finished processing the quantum state.

Quantum Turing machine

This model, which adds the quantum elements to the standard probabilistic Turing machine

model, is particularly useful for discussing complexity classes, but it is difficult to use it to

build quantum algorithms or bigger quantum programs. This model assumes the well-known

Turing hardware architecture based on an infinite, one dimensional band that contains

characters from a finite set and that can be moved left or right, and a device that can read or

write the current character.

The main differences between the probabilistic and the quantum machines are:

- the transition function for probabilistic machine gives probabilities, whilst the transition
function for the quantum machines gives complex numbers, whose module squared
represent probabilities.

- at each step, the probabilistic machine picks randomly one transition, whilst the quantum

machine carries out all the possible transitions in parallel.

Quantum Random Access Memory Model
This is the quantum computing model that is most suited to programmers, because it offers a
programming paradigm closer to the classical one and allows easy specification of quantum
algorithms and even higher level quantum computing languages. This model assumes a
hardware architecture that is basically a quantum extension of the classical one. The
hardware is composed of:
- aclassical device that:

o passes classical bits to the quantum device

o performs classical computations

o reads measurement results (i.e. classical bits) from the quantum device
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- aquantum device that:
o takes a set of bits and initializes a set of qubits with the corresponding
computational basis state
o performs the specified basic unitary transformation on the current quantum state,
or on a subset of it
o performs the measurement using projection operators on the specified qubits
o returns measurement results as a set of classical bits to the classical device

This model is closely related to a typical programmer’s approach to solving a problem:
implement the problem classically, as much as possible, and each time the quantum power is
needed, delegate the task to the quantum device, and read the results of the final
measurements. Then, as necessary continue in classical mode, or delegate again to the
quantum device.

The communication between the two devices, the classical one and the quantum one, has to

be implemented very carefully, by the means of a quantum hardware interface. This interface

would have to ensure that the processing happening inside the quantum device is not affected
in an unwanted way by the classical device, causing the quantum states to collapse when they
shouldn’t or become entangled with the environment.

As before, these basic unitary transformations have to be only from a predefined finite set,

which is universal for quantum computation. Usually this set is chosen so that it matches the

underlying quantum hardware capabilities.

So, there are a few types of quantum instructions that this model has to provide:

- initialize a quantum register with a given computational basis state. There is no need to
provide a more complicated initialization instruction, which would initialize the quantum
register with a superposition of computational basis states. This is because such
superpositions can be obtained by applying unitary transformations.

- select a subset of qubits from a quantum register in order to use them for further
processing, either unitary transformations or measurements

- apply a unitary transformation on a quantum register (or a subset of its qubits)

- compose two unitary transformations, i.e. execute them sequentially

- tensor two unitary transformation, i.e. execute them in parallel

- measure a quantum register (or a subset of its qubits) and put the results in classical

register

For example, the following set of instructions builds an EPR pair and measures its first qubit,
obtaining either 0 or 1, with equal probability:

gbitq[ 2] = {0, O}, /l initialization

let U; = tensor( H, I,); I/ tensor product

let Epr = concat( U; CNOT ); // operators composition
Epr(q); /[ applying operators
bitrf 1] =measure(q[0]); /l measurement

It has to be noted that copying qubits it is not permitted, so there is no point to provide an
instruction for assigning one set of qubits to another.

Also, there is no need to provide a special set of quantum instructions for controlling the flow
of execution in the quantum device, such as for example a quantum if-then-else type of
statement. This is because of two reasons:
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- any such conditional statements can be implemented in the quantum world by using
conditional operators

- conditional statements can be implemented by using only classical bits obtained by
performing measurements whenever required

Assembly language based on strings manipulation

This low level language is a good compromise between the Turing machine and QRAM. It is
easy to use with most real world algorithms, and it abstracts the hardware internals well
enough to make it useful in theoretical analysis of complexity classes. In this model, define a
fixed, finite character set C. Let there be an (possible infinite) number of storage locations,
each labeled by some string over C. Initially, all the locations are set to empty strings. If s is
a string over C, the usual C++ notation *s is used to represent the string stored at address s.
The string *s is also composed only from characters in C.

For the quantum part, define the following fixed objects [40]:

- afinite-dimensional Hilbert space H.

- aunitvector |y,) in H
- the Hilbert space H can be tensored with itself for any finite number of times, each
instance in this tensor product is labeled by strings over C. So, such a tensor product will

be represented as Hy, ® Hy, ® ... ® Hy, .

- afinite set of unitary operators, each of which acts on some finite tensor product
Hg ® ... ® Hy,

- afinite set of projection operators, each of which acts on some finite tensor product
Hy ® ... ® Hy,

Each operator from the sets above (either unitary or projection) are labeled by a string over
C. So, the unitary operators will be represented as U, and the project operators will be
represented as P;. At any point of the program execution, the state of the quantum system is

represented by a state [y} in Hy, ® ... ® Hg, .

A quantum assembly language can then be composed from the following commands.
- Commands for classical operations:

o InputTo *s: allows the user to enter any string over C, which is then placed in the
memory location pointed to by s
OutputFrom *s: returns to the user the string from memory location s
AppendTo x, *s: appends character x to the string stored in location s
DeleteLast *s: deletes last character (if any) from the string stored in location s
ConditionalJump x, *s, n: if the last character (if any) of the string stored in
location s is equal to x, then skip forward n program lines, if n is positive, or skip
backward -n program lines, if nis negative. Otherwise, do nothing and continue
as usual. If the line indicated to by n doesn’t exist, then do nothing and continue
as usual.
- Commands for quantum operations:

o Applys, s1, s2, ... sk: this command actually performs several steps:

= make sure the current state space contains all the H factors labelled by the

strings in the command H, ® Hg, ® ... ® Hy, . If it doesn’t, then:
e expand the current state space with the missing H factors

o O O O
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e tensor to the current state |i) the corresponding number of [y,),
obtaining a new [y).
= if the current state space contains tensor factors that are not among the
specified s1, s2, ... sk, those subspaces will remain unchanged. That is,
U, is tensored with the corresponding number of identity operators over
H, obtaining a new U.
= apply unitary operator U, to the current state [i), obtaining a new state
[¥)
o Observe s, s1, s2, ... sk, *s’: this command too actually performs several steps:
= make sure the current state space contains all the H factors labelled by the
strings in the command H;, ® Hg, ® ... ® Hy, . If it doesn’t, then:
e expand the current state space with the missing H factors
e tensor to the current state |i) the corresponding number of [y,),
obtaining a new |[y).
= if the current state space contains tensor factors that are not among the
specified s1, s2, ... sk, those subspaces will remain unchanged. That is,
U, is tensored with the corresponding number of identity operators over
H, obtaining a new U.
= apply projection operator P, to the current state |i), obtaining a string of
length k, containing only 0 or 1 characters.
= store the resulted string at the location pointed by string s’.

This language is closely related to the QRAM model as it also offers both classical and
guantum commands. In this model, it is considered that a program computes a problem 7 if,
for any input string s, the program run on that string and the probability of obtaining the
correct string is greater than any of the probabilities of obtaining a different string.
Furthermore, the probability that the program running never halts must be 0.

9.4.3. High level quantum programming languages

The models of quantum computation described above represent a first level of abstraction
that can be used to develop quantum algorithms or to simulate them on classical machines.
However, these languages are quite limited in their capabilities. For example, the QRAM
model operates only with arrays of qubits, whilst the model based on strings manipulation
operates only with strings. As with classical computing, there is an obvious need to provide
built in data types offering a higher level of abstraction: structures, classes, functions, etc.
The vast majority of current classical programs require these kinds of types, and there is no
reason to believe the quantum programs wouldn’t.
When defining quantum programming languages at a higher level, there are a few design
decisions that have to be made:
- choosing between one of two options:

o a language that builds on top of a classical language, probably an existent one.
This classical language would be augmented with the requirements for quantum
programming. The programmer developing in this language will use the classical features of
the language to implement the classical aspects of the program, and delegate only parts of the

implementation to quantum specific language features.
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This approach will usually imply that the program flow control (if, while, jump, etc.) will be
realized using only classical language features, eventually using measurements when
necessary.

o a self-contained quantum language, a language that contains only quantum
programming feature. In such a program, programs must be implemented based on the
reversible computing approach, using the quantum scratch pad when necessary to
accommodate irreversible classical functions. Such language is possible because any classical
Turing machine can be simulated by a quantum Turing machine, but is more difficult to use
by programmers who are not use to approaching problems from this perspective.

- choosing the programming paradigm: imperative, functional, pattern matching.

Several such high level programming languages for quantum computing have been defined.
Some of them are using the imperative paradigm, like QCL [55] — which is also self-
contained, or Q [14] — which was built as an extension to C++. Other approaches were based
on functional programming paradigm, like for example QFC [61] — which uses classical flow
control, or QML — where both data and control are quantum.
Yet, in classical programming languages the programming paradigms are starting to merge
together. A very good example of this is offered by the recent evolutions of the languages in
the .Net space. C# started as an imperative language but then, from version 3.0 onwards, by
the addition of the LINQ extension it started providing features specific to functional
programming, such as function closers, meta-programming patterns (i.e. programs that
manipulate other programs), etc. On top of this, a standalone functional programming
language was added to .Net: F#. In this way, by using the easy interoperability between C#
and F# provided by the .Net framework, both imperative and functional paradigms can be
merged in the same program.
Considering these aspects, a promising approach for quantum programming would be to
define a language (Q#) based on top of C#. This language:
- would use all the current C# language features for classical computing (both functional
and imperative)
- provides an extra layer of features for quantum programming. Since these features are
based around applying operators, the most obvious approach would be to use a sort of
functional programming syntax.

Another advantage of taking this approach would be provided by the way .Net languages are
compiled. They are compiled in two steps: the first step takes the managed program and
translates it into MSIL (Microsoft independent language) code. Then, the second step, which
sometimes can even happen at runtime by the means of JIT (just-in-time) compiler, is the
conversion to native, executable machine code. A C# based quantum programming language
extension would work very well in this framework. The quantum programming aspects of a
program will become quantum specific MSIL code — for example, a variant based on the
QRAM model. Then, the JIT compiler would need to convert these MSIL instructions to the
quantum hardware specific machine code, further optimizing it in the process.

The compilation process is schematically depicted below, where [69]:

- QRAM is the intermediate, low level quantum language, like the one described above

- QASM (Quantum Assembly Language) represents a low level quantum circuits
representation, an optimized quantum circuit composed only of gates from the chosen
universal set of elementary quantum gates; for example, CNOT, Hadamard, phase,
Toffoli.
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- QPOL (Quantum Physical Operations Language) represents a physical-language
representation with technology specific parameters.

JIT compiler
|
Q# MSIL ~ Quantum QASM Quantum QPOL
program compiler QRAM L sz optimizer
\

There is also another advantage of using a .Net based quantum programming language:
integration with cloud computing provided by the Azure programming framework. When
using quantum programs to perform simulations on classical computers or when using
guantum programs to run them on quantum devices, in both these cases the required
computing machines will need a very high spec set of requirements. Quantum computers are
currently in prototype phase, they run only in specific, very closely controlled laboratory
environments and for the foreseeable future, they will probably stay like this. On the other
hand, classical computers intended to perform quantum simulations also require a huge
amount of processing power as the quantum state spaces increases exponentially with the
dimension of the input, so they are most likely super-computers.

Therefore, it makes very much sense that these machines to be exposed to the outside world
of quantum programmers via cloud computing architectures (which can be based either on
Net or on Java).

~
-
JIT compiler
Q# MSIL QRAM ~ Quantum QASM Quantum QpPOL
. i imi
program compiler ~0Op |gzer | opumizer
\
Local desktop computer
Virtual machine running on cloud Y,

Using the Azure cloud computing architecture with .Net framework, the compilation and the
running process is represented above.

Considering the same EPR pair generation example as above, such a Q# program would look
very similar to a C# program, with LINQ extension:

[/l initialization
/I define and apply unitary operators
/I apply measurement operator

gbitg[ 2] = {0, O};
QApply( g =>CNOT(H(q[0]),a[1]))
bit rf 1] =QObserve(q[0]);
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10. Contributions and further research
10.1. Contributions

In chapter 2. the author conceived a few demonstrations for some known examples that prove
the power of quantum computing and quantum information processing, explaining how they
are deeply linked to physical processes.

The author analyzed Deutsch-Jozsa problem and its generalization to Boolean functions
extended to n — dimensional finite spaces, and conceived a classical probabilistic algorithm
for solving this problem. The performances of quantum algorithm and the classical
probabilistic ones were analyzed and compared, proving the increased time efficiency of the
quantum algorithm.

The author also provided a proof that the super-dense coding protocol is secure, meaning that
a third party intercepting the qubit being sent can infer nothing about the classical
information to be transmitted.

In chapter 3. a set of theorems together with their formal demonstrations, designed by the
author, were analyzed in order to justify the graphical representations of qubits using three
dimensional unit spheres and to provide for the quantum operations modeling through three
dimensional rotations, only around the coordinate axes. The respective demonstrations are
constructive, and therefore the provided formulae can be used to simulate some specific
guantum computing operators by using a graphical processing integrated circuit or graphical
modeling software. Graphical representations based on geometrical transformations are a
very expressive method of simulating the operations performed on quantum information
processing systems.

Therefore it was proved there is an interesting conceptual relationship between the spherical
rotations on one hand, and the one qubit unitary operations on the other.

Considering a single qubit system, the proofs given in this paper justify the correspondence
between a class of operations that modify the qubit state and some geometrical
transformations on the Bloch sphere. The single qubit operations are expressed by the
exponentiation of Pauli operators, whereas the corresponding geometrical transformations are
rotations on the Bloch sphere around the coordinate axes.

Chapters 4. and 5. present in detail the theory of quantum circuits together with a few
quantum circuits designed by the author:

- acircuit that offers a minimal implementation of the generic controlled operator on two

qubits, this implementation using only one qubit gates and CNOT gates

- acircuit that implements the Fredkin gate using only one Toffoli gate and two CNOT
gates

- acircuit that implements the Fredkin gate using only six gates, each on two qubits

- acircuit that implements the generalized Toffoli gate, without using working qubits. This
circuit has a polynomial complexity of the second grade

- acircuit that implements a generic controlled operator on an arbitrary number of qubits,
without using working qubits. This circuit too has a polynomial complexity of the
second grade

Chapter 6. presents a rigorous analysis on the universality of quantum gates. The author
analyzes the exact universality of infinite sets of gates on one qubit, and how complicated
circuits can be decomposed into simpler ones. This chapter also includes the complexity
evaluations, as conceived by the author.

- 85-



Then, the author provides a proof for an approximate universality, with arbitrary small error,
using a discrete set of quantum gates: Hadamard, phase, CNOT and Toffoli. Such a set of
elementary quantum gates (named Shor’s basis) is necessary for the approximation of the
generic unitary operators, on any number of qubits. Since the proof is made by construction, a
couple of circuits necessary for implementing some elementary unitary operators on one
qubit are also provided.

In the last three chapters, a few known algorithms [16] are analyzed, under some new light;
these algorithms are a proof for the increased efficiency of the quantum computers, with
respect to the temporal complexity, as compared to the corresponding known algorithms from
classical computing.

In the last chapter, the author provides an analysis of the current languages for quantum
computing, both at low and high level. The author also proposes a new language, built around
.Net framework architecture, which extends from the C# language and uses both imperative
and functional programming paradigms. The architecture for the compiler of this new
language is described in both local environments and on an architecture based on cloud
computing.

10.2. Further research

Quantum computing and information processing is a relatively new domain [1], if we are to
compare it to the previous computing methods, such as analogic one or the one based on the
generalized Turing machine. Although there still are many unknowns in this new computer
science area, and surprises may appear when they are least expected, there already are
numerous research centers around the world that are trying to address this kind of problems.
The current most difficult problems in this area are due to both the physical nature of the
processes involved which are hard to control and investigate, and also to the technological
limitations of building the necessary hardware. The relatively few, but fast increasing
numbers of experimental implementations of physical computing machines based on the
principles derived from quantum mechanics have to deal with hard problems raised by the
necessity of manipulating matter at quantum scales. Although quite many experiments did
successfully manage to achieve important results, by physically implementing some guantum
algorithms, the respective machines require some very restrictive operational environments,
available only in very sophisticated research labs. Furthermore, the size of the input data used
is very small compared with the quantity of data processed by even ordinary personal
computers.

There also are other kinds of limitations — due mainly to weakly software resources currently
available to quantum computing [39]. Designing algorithms in quantum computing paradigm
is still solely based on the inspiration of the people involved in the respective problem [55].
Yet, the tools aimed at supporting software development, compilers, interpreters or high level
programming languages for such quantum machines, are already in research [51] [57]. To
aggravate things, but also to make this subject even more interesting, because of the profound
change in the theoretical computing paradigm, most of these software resources will have to
be reviewed and most likely radically changed. If they will be based on one of the current
software programming paradigms (procedural, functional, pattern matching, object oriented,
etc.) is still open for debate. But, first steps in this direction have already been made, by using
both procedural [45] and functional programming paradigms [49]. It would seem though that
the functional programing paradigm, based on the lambda calculus, to offer a better
perspective. This is because the quantum bit transformations that are applied to qubits as they
pass through the quantum circuits, are expressed using operators, which conceptually
speaking, are functions on state space.
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Also, there already are software frameworks for simulating quantum computing machines on
classic, Turing machines [39]; and this means that for investigating theoretical aspects of
those algorithms designed for quantum computers, from a technical perspective, a personal
computer is basically enough.

And last but not least, probably because we still miss a formal demonstration that this
quantum approach will have profound and useful implications upon the way the information
technology affects and influences other domains more close to day to day existence; all these
make that the investments in such research to be quite small compared to somewhat similar
domains, such us nano-technology, bio-technology and molecular computing.

It has been already demonstrated that such a quantum computer, built to a similar scale to a
present, classical personal computer, will be capable to break any encryption code that relies
on public key cryptography based on factorization of integers. But, obviously, there are not
many people really wanting, or hoping for this to happen very soon. But there is also hope; in
the area of data base unstructured searches [36], the quantum computing algorithms also offer
a performance improvement [60]. Furthermore, in the area of scientific computing
applications, where modeling and simulating physical processes that happen at a quantum
scale, the quantum computing paradigm also offers an obvious advantage.

The computing model based on quantum circuits is equivalent to many other computing
models, proposed previously, in the sense that these models require the same essential
resources for the same kind of problems. For example, to illustrate this, one could question if
by using a computing model based on quantum systems triplets (qutrits), instead of binary
guantum systems (qubits), it is possible to gain some kind of computational advantage.
Although from a practical point of view, such small advantages may exist, strictly theoretical
speaking, the difference between these two models is practically negligible. This is because
the computing model inspired by the quantum Turing machines, a generalization of the model
based on the classical universal Turing machines, has been proved to be equivalent with the
model derived from quantum circuits.

It is not yet obvious at all if the assumptions made within the theory of quantum circuits are
totally justified by real-world physical laws. For example, the assumption related to the states
space and to the way the initial states are designed, is just a matter of choice. In this model,
the states space is considered to have a finite dimension. And one could rightfully ask if by
switching to vector spaces having an infinite number of dimensions isn’t possible to gain
some kind of advantage.

Furthermore, the initial states of the qubits passing through the circuit are considered to be
computational basis states. And it is a well-known fact that in nature, many physical quantum
systems exist in highly entangled states. So, a second question that can be raised is if this
kind of states could be used to benefit from some kind of computational advantage. Hence,
because all these questions, the completeness of the computing model based on quantum
circuits, and implicitly the completeness of the corresponding classical model is still
debatable.

The area of quantum cryptography, whereas the quantum communication channels are used
for the distribution of private keys used in the public key cryptography protocols, is probably
the first one already open towards commercial applications.

Another area of promising research which is being pursued on multiple levels is related to the
graphical computations and representations. Because of the strong, profound relationship
between the qubit transformations and graphical rotations there are indications that graphical
processing algorithms, and in general multimedia applications, may be good candidates for
being ported to the quantum computing paradigm. But for this to happen in reality, the
correspondence between single qubit operators and spherical rotations in tridimensional space
will probably need to be extended to transformations on multiple qubits, perhaps by
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considering rotations in multiple dimensions. The main issue with this extension is the fact
that the simulation would have to properly handle entangled states.
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